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V. A. Prokof’yev 

ON THE QUESTION O F  CALCULATION OF RADIATION I N  ONEDIMENSIONAL EDVEMENT 

OF MONATOMIC GAS’ 

The development o f  i n v e s t i g a t i o n s  in v a r i o u s  f i e l d s  o f  e c i e n c e  b r i n g s  

f o r t h  ever  more f r e q u e n t l y  hydrodynamic problems for t h e  s o l u t i o n  of which 

c o n s i d e r a t i o n  h a s  t o  be given t o  those  phye ica l  p r o p e r t i e s  of l i q u i d  or 

gas  which have be en completely d is regarded  in c l a s s i c a l  hydrodynamics 

s i n c e  i n  o rd ina ry  problems t h e i r  a c t i o n  w a s  e i t h e r  n o t  at  all manifested 

or t h e i r  e f f e c t  could b e  d i s r ega rded  t o  one degree  or a n o t h e r  f o r  s impl i -  

f i c a t i o n  of c a l c u l a t i o n s .  To such p r o p e r t i e s  is related t h e  a b i l i t y  of  

a material medium i n  any  state t o  emit and abso rb  energy. Under c e r t a i n  

cond i t ions ,  which are d e a l t  w i t h  i n  a s t r o p h y s i c a l  problems, dynamic 

meteorology, and a l so  in s e v e r a l  o t h e r  tasks, r a d i a t i o n  so s t r o n g l y  i n -  

&LI.UP..C.W” *l-*----- -..-I--- - -n*l l+-  that ---_ i t  become6 impoeeible t o  ignore i t r  The n e c e s s i t y  

f o r  c a l c u l a t i o n  of r a d i a t i o n  i n  hydrodynamic problems is n e a r l y  always 

l i n k e d  t o  h igh  tempera tures  i n  some f i e l d s  of  a moving medium. 

t i o n  of r a d i a t i o n a l  t r a n s f e r  o f  h e a t ,  and w i t h  ve ry  h i g h  tempera tures  

and mechanical  a c t i o n  of  r a d i a t i o n ,  is Linked w i t h  great d i f f i c u l t i e s  o f  

bo th  a mathematical  and p u r e l y  phys ica l  c h a r a c t e r  (because of t h e  com- 

p l e x i t y  and i n  many r ega rds  vagueness of t h o s e  p h y s i c a l  p rocesses  which 

occur  a t  very high t empera tures  and p r e s s u r e s ) .  

Calcula- 

1. The work w a s  p r e sen ted  at a seminar  under t h e  d i r e c t i o n  o f  L. I. 
Sedov a t  h6,cow S t a t e  Univers i ty  i n  1947 - 1948 and a t  a seminar  at t h e  
I n s t i t u t e  o f  Mechanics, Academy of Sc iences ,  USSR, in 1949 (for homo- 
geneous g a s ) ;  s e c t i o n s  5 and 6 (for i on ized  gas)  - at  t h e  first A l l -  
Union Conference on Aerohydrodynamics a t  t h e  I n s t i t u t e  of Mechanics, 
Academy of S c i e n c e s ,  USSR, i n  1952. 
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I n  t h e  present  a r t i c l e ,  an at tempt  is made i n  t h e  i n s t a n c e  of  

es tab l i shed  one-dimensional movement of monatomic i d e a l  ( i n  a hydro- 

dynamic sense)  gas t o  examine t h e  e f f e c t  on the  c h a r a c t e r i s t i c  of a 

stream o f  r a d i a t i o n  and i o n i z a t i o n ,  wherein i t  is assumed t h a t  there  

is l o c a l  thermodynamic equi l ibr ium. As an  example is cons idered  t h e  

problem of s t r u c t u r e  of a compression wave, f o r  which c a l c u l a t i o n s  a re  

made . 
Considerat ion of basic equa t ions  of hydrodynamics wi th  c a l c u l a t i o n  

of i n f l u x  of hea t  due t o  r a d i a t i o n  ( i n  conformity wi th  dynamic meteorology) 

is contained i n  an a r t i c l e  by Y e .  S. Kuonetsov c11. I n  t h e  p r e s e n t  work 

is in t roduced  only  supplementary information which is l i n k e d  e i t h e r  wi th  

uns teadiness  o f  t h e  r a d i a t i o n  f i e l d  o r  wi th  mechanical a c t i o n  of t h e  

r a d i a t i o n  (which were no t  considered i n  c13) .  

S e c t i o n  1. I n t e r a c t i o n  o f  Radiat ion wi th  a Material Medium 

We w i l l  cons ider  that  each par t ic le  o f  gas absorbs ,  radiates, and 

~ ~ p ~ ~ g ~ ~  A Q U I Q L A V U  r u w r ~ j  --*-e L." +h-+ --a_- 92 bztire gtream of gas is permeated 

wi th  streams of  r a d i a t i o n  energy. 

i n t o  r a d i a t i o n ,  and, on t h e  con t r a ry ,  conversion of  r a d i a t i o n  energy i n t o  

o t h e r  forms ( f o r  example, i n t o  hea t )  r e p r e s e n t s  a complicated in t ra -a tomic  

and in t ra -molecular  p rocess  and is t h e  s u b j e c t  of s p e c i a l  subd iv i s ions  o f  

phys ics .  For our purposes ,  i t  is  des i rab le  i n  c a l c u l a t i o n  of r a d i a t i o n  

to  as far as p o s s i b l e  n o t  d i s t u r b  t h e  idea o f  material continuum under- 

l y i n g  hydromechanics, and t o  d i v e r t  ou r se lves  from c o n s i d e r a t i o n  o f  ele- 

mentary r a d i a t o r s  as in hydromechanics w e  d i v e r t  o u r s e l v e s  from d i s c r e t i o n  

o f  the atomic and molecular e t r u c t u r e  of f l u i d .  

Conversion of  o t h e r  forms o f  energy 

Such macroscopic s tudy  

of a r a d i a t i o n  M e l d  f r o m  t he  po in t  of view of geometr ic  o p t i c s  is  widely 
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- conducted i n  s e v e r a l  branches o f  phys i c s  a n d  m a k e s  i t  p o s s i b l e  t o  quan- 

t i t a t i v e l y  c h a r a c t e r i z e  t h e  i n t e r a c t i o n  o f  r a d i a t i o n  wi th  m a t e r i a l  con- 

tinuum ( s e e ,  f o r  example, Ll3, [2], c31, c41). We w i l l  i n t r o d u c e  d e f i n i -  

t i o n s  and c o r r e l a t i o n s  he re  r e l a t e d ,  not go ing  i n t o  d e t a i l e d  c o n s i d e r a t i o n  

o f  them. 

I n t e n s i t y  of Radia t ion .  The q u a n t i t y  of r a d i a t i o n  energy dE which 

is t r a n s f e r r e d  by a n  elementary ground d o  in a given d i r e c t i o n  6 (F igu re  

1) (i .e. ,  by "rays" conta ined  i n  an i n f i n i t e s i m d  s o l i d  = f i e  W e i r e m -  

v 

s c r i b e d  around t h e  d i r e c t i o n  8 )  , f o r  a s h o r t  time d t ,  of  s p e c t r a l  compo- 

s i t i o n ,  and conta ined  i n  an i n t e r v a l  of f r e q u e n c i e s  from v t o  v + dv, 

Fig. 1. 

The c o e f f i c i e n t  o f  p r o p o r t i o n a l i t y  I,, depends on t h e  f requency of  

r a d i a t i o n  v, d i r e c t i o n  8 ,  time t ,  and t h e  c o o r d i n a t e s  o f  p o i n t  P, around 

which is cons t ruc t ed  ground do, and is c a l l e d  t h e  s p e c i f i c  i n t e n s i t y  of 

r a d i a t i o n  (or e l s e  i t  i8 simply c a l l e d  t h e  i n t e n s i t y  of r a d i a t i o n ,  w i t h  

t h e  b r i g h t n e s s  of r a d i a t i o n  the s t r e n g t h  o f  r a d i a t i o n ) .  If we sum up 

t h e  i n t e n s i t i e s  of  all f requencies  i n  t h e  given p o i n t  P, i n  a given 

moment o f  time t ,  and for r a d i a t i o n  o f  a g iven  d i r e c t i o n  s, then we ob- 

t a i n  t h e  i n t e g r a l  i n t e n s i t y  
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Stream of  Radia t ion .  The magnitude 

r e p r e s e n t s  t h e  complete q u a n t i t y  of r a d i a t i o n  energy of t h e  f requency v 

of a l l  d i r e c t i o n s ,  p a s s i n g  i n  a unit of t i m e  through a u n i t  of a r e a ,  t h e  

o r i e n t a t i o n  of which i n  s p a c e  is given wi th  t h e  normal n ( i n t e g r a t i o n  i n  

a l l  d i r e c t i o n s  is d e s i g n a t e d  by 4 n, provided wi th  t h e  s i g n  of t h e  in -  

t e g r a l ) .  

not depending on t h e  d i r e c t i o n  of t h e  ray.  

T h i s  ias@.f t~de  5s a new c h a r a c t e r i s t i c  of t h e  r a d i a t i o n  f i e l d ,  

may be cons idered  as a p r o j e c t i o n  t o  t h e  normal n of a v e c t o r  

The magnitude av and a l s o  the  magnitude Hvn are c a l l e d  t h e  s t r eam if . 
of radiation energy of f requency V. 

quencies ,  w e  o b t a i n  an i n t e g r a l  stream of' r a d i a t i o n  energy not dependent 

V 

If w e  i n t e g r a t e  i t  w i t h  all f r e -  

on frequency: 

I H , a  p c o s  (a. S)dQ., 

b .  
(4) 

Coefficient of Eat i ia t ion .  Si&sf;n (ra5isti=1?) nf rrrrlintian energy 

is an  atomic-molecular process .  

t i o n  made by us correspond t o  a c t u a l i t y ,  i t  is necessa ry  t h a t  t h e  ele- 

In o r d e r  t h a t  t h e  macroscopic examina- 

mentary volume of gas  s e l e c t e d  be l a r g e  enough tha t  t h e  t o t a l  energy 

r a d i a t e d  by it be  completely determined by macroscopic c h a r a c t e r i s t i c s  

o f  t h e  gas f i l l i n g  t h i s  volume, i.e., by t h e  t empera tu re ,  p r e s s u r e ,  and 

d e n s i t y ;  a t  t h e  same t ime,  t h i s  volume should  a l s o  be  s m a l l  enough t h a t  

w i t h i n  t h i s  volume t h e s e  c h a r a c t e r i s t i c s  can b e  cons ide red  cons t an t  (w i th  

p r e c i s i o n  t o  t h e  small of  a higher  o r d e r )  and determined by t h e  s t a t e  of 

t h e  gas. 

If a m a t e r i a l  medium i n  a chosen element of  a volume i n  t h e  l i m i t s  

of t h e  s o l i d  angle d f i r a d i a t e s  in t h e  time d t  a q u a n t i t y  of energy equal 

* .  
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t o  dEv, whereto f r equenc ie s  of r a d i a t i o n  are changed t o  a narrow i n t e r v a l  

from v to  v + dv,  then i t  may be supposed t h a t :  
I 

( 5 )  dE, = qv dv dQ dt p dt, 
~ 

where lv is t h e  ma86 c o e f f i c i e n t  of r a d i a t i o n .  For n a t u r a l  r a d i a t i o n  

i n  an  i s o t r o p e  body 'I], is cons idered  t o  b e  not dependent on d i r e c t i o n  

bu t  dependent on frequency v, t he  coord ina te s  o f  p o i n t  P, and on t ime t. 

C o e f f i c i e n t  of Absorption. Weakening of  t h e  i n t e n s i t y  of each r a y  

when i t  p a s s e s  through a m a t e r i a l  medium, on a s u f f i c i e n t l y  small seg- 

ment of a p a t h ,  may be cons idered  p r o p o r t i o n a l  t o  t h e  l e n g t h  of t h e  pa th  

ds and t o  t h e  i n t e n s i t y  of r a d i a t i o n  Iy, and t h e r e f o r e ,  t h e  magnitude by 

which t h e  i n t e n s i t y  dec reases  may be w r i t t e n :  

pa,& ds, ( 6 )  

where cyv is t h e  ma66 c o e f f i c i e n t  of abso rp t ion .  

f requency v, c o o r d i n a t e s  of p o i n t  P, and on t i m e  t. 

It is dependent on 

With abso rp t ion ,  r a d i a t i o n  energy iS t ransformed i n t o  thermal  move- 

ment of elementary particCes. 

C o e f f i c i e n t  o f  Dispersion.  Pure d i s p e r s i o n  56 l i n k e d  wi th  redis- 

t r i b u t i o n  of t h e  i n t e n s i t y  of r a d i a t i o n  by d i r e c t i o n s  wi thout  change of 

f requency.  Decrease of  i n t e n s i t y  due t o  d i s p e r s i o n  on a small segment 

of a p a t h  of a ray  p a s s i n g  through a material medium equals: 

PJ. ds. ( 7) 

Here, 01 is t h e  mass c o e f f i c i e n t  of d i s p e r s i o n .  It is dependent 
V 

on f requency v, coord ina te s  of the  p o i n t ,  and on t i m e .  

I n d i c a t r i x  of  D i spe r s ion .  The d i s t r i b u t i o n  of i n t e n s i t y  of dis- 

per sed  r a d i a t i o n  (7) wi th  d i r e c t i o n  8 i n  a l l  p o s s i b l e  d i r e c t i o n s  6' i n  

any p o i n t  i n  a moment of time t may be d e s c r i b e d  by t h e  func t ion :  
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bea r ing  t h e  name i n d i c a t r i x  of d i s p e r s i o n ,  f u n c t i o n  of d i s p e r s i o n ,  o r  law 

o f  d i spe r s ion .  With t h e  a i d  o f  t h i s  f u n c t i o n ,  t h e  expres s ion  

may be t r e a t e d  as t h a t  p a r t  o f  a l l  d i s p e r s e d  energy which by t h e  a c t  o f  

d i s p e r s i o n  is d e f l e c t e d  i n s i d e  o f  the s o l i d  a n g l e  dACL! i n  d i r e c t i o n  s'. 

This f u n c t i o n ,  a p p a r e n t l y  , s a t i s f i e s  t h e  cond i t ion  of normal iza t ion  

The speed of d i f f u s i o n  o f  r a d i a t i o n  energy w i l l  be cons idered  equal  

t o  t h e  speed o f  l i g h t  c in a vacuum. In t h e  t i m e  d t ,  t h e  energy p a s s i n g  

through t h e  ground d a  in a given d i r e c t i o n  6 f i l l s  a volume 

ds = ds cos (n, s) c dt. 

The d e n s i t y  of energy will t hen  be equa l  t o :  

If we cons ide r  r a y s  o f  a given s p e c t r a l  composition, go ing  i n  all 

p o s s i b l e  d i r e c t i o n s ,  having i n t e g r a t e d  the  l a s t  expres s ion  i n  a l l  d i r ec -  

t i o n s ,  we w i l l  t hen  have t h e  d e n s i t y  o f  energy o f  frequency v i n  a given 

p o i n t  P in a moment o f  time t i n  such a form: 

Summing up t h i s  express ion  i n  a l l  f r equenc ie s ,  we o b t a i n  t h e  i n t e -  

gral d e n s i t y  of  r a d i a t i o n  energy 

For i s o t r o p i c  r a d i a t i o n  we ob ta in :  

Each photon c a r r i e s  energy hv ( h  - constant of  Plank, v - f r e -  

quency) and impulse hv/c, so t h a t  w i th  t h e  t r a n s f e r  through ground d a  

6 



o f  energy (1) is c a r r i e d  also t h e  impulse 

1 - I, dv d3 cos (n, s) dQ dt 

in t h e  d i r e c t i o n  o f  d i f f u s i o n  ( d i r e c t i o n  6 ) .  

a long  d i r e c t i o n  8 '  equals :  

f 

Compilation o f  t h i s  impulse 

1 '  - 1, dv dy COS (n, S) COS (s', S) d 0  df. 
C 

I n t e g r a t i n g  i n  a l l  d i r e c t i o n s  s, we o b t a i n :  

dy dt I f, dv cos (n, s) cos (s', s) d 0 .  
C 

4. 

The t e n s i o n  a t  p o i n t  P ,  a r i s i n g  due t o  r a d i a t i o n  t r a n s f e r ,  is t h e  

speed o f  t r a n s f e r  of t h e  impulse ,  r e l a t e d  t o  a u n i t  of a r e a ,  through an  

i n f i n i t e s i m a l  gmund c o n s t r u c t e d  around p o i n t  P. 

This magnitude depends on t he  d i r e c t i o n  o f  t h e  normal and may be 

w r i t t e n  as 

r ,  

where ( (PRvij))  is t h e  t e n s o r  of r a d i a t i o n  t ens ions  (o r thogona l  symmetri- 

c a l  t e n s o r  o f  t h e  second r a n k ) ,  and zo is t h e  u n i t  v e c t o r  d i r e c t e d  a l o n g  - 
t he  normal. Compilat ions o f  t h e  t e n s o r  ((PRvij)) a r e  ob ta ined  in t h e  

C a r t e s i a n  system of c o o r d i n a t e s  f r o m  (14) i n  t h e  fo l lowing  form: 

PRI(j=--  I 1, cos (s, I )  cos (s, 1) dP, E 
4* 

(16) 

where i and j = x ,  y,  and Z .  The minus s i g n  corresponds t o  t h e  com- 

p r e s s i o n  of t h e  s e l e c t e d  volume by t h e  o u t e r  r a d i a t i o n  f i e l d .  

For t he  e n t i r e  spectrum w e  have: 

(1 7) 

(18) 

where 
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For i s o t r o p i c  r a d i a t i o n  

- 

The sum of diagonal  components of the  t e n s o r  ((P ) )  equals ,  Rvi  j 

apparent ly ,  

If r e  in t roduce  t thydros ta t ic t '  p r e s su re  

we ob ta in :  

and a l s o  

-. ... 

I 

P R - 3 '  ER 

- 

(19) 

(20) 

(24) 

For i s o t r o p i c  r a d i a t i o n  

PR.; Pa44 a .- pa' (25) __ I pRvid=- - -  -- 
The in t roduced  concepts  and c o r r e l a t i o n s  are s u f f i c i e n t  t o  d e s c r i b e  

a radiation field of a moving medium and t o  compile a system of equa t ions  

of hydromechanics wi th  c a l c u l a t i o n  of r a d i a t i o n .  

An equat ion  of  t r a n s f e r  o f  r a d i a t i o n  d e s c r i b e s  the  change of i n -  

t e n s i t y  o f  r a d i a t i o n  w i t h  d i f f u s i a n  of  a r a y  of frequency v i n  any d i -  

r e c t i o n  s. We w i l l  s e l e c t  i n  t h i s  d i r e c t i o n  two p o i n t s  P and p ' ,  be ing  

s e p a r a t e d  one from the o t h e r  by a d i s t a n c e  ds .  We w i l l  cons t ruc t  around 

the  r a y  s a right c y l i n d e r  w i t h  bases  pas s ing  through p o i n t s  P and P'. 

I n  t h e  time 6 t  through the ground con ta in ing  p o i n t  P, i n s i d e  of t h e  

c y l i n d e r  i n  t h e  d i r e c t i o n  s i n s i d e  o f  t h e  s o l i d  ang le  dApas6es  the  

following q u a n t i t y  of r a d i a t i o n  energy (element o f  energy) : 

6E. E= I ,  (P, t;  s) dv dQ do at. 3 

This element w i t h  a speed of l i g h t  c w i l l  move i n s i d e  of t h e  c y l i n d e r  

8 



ds and i n  t h e  i n t e r v a l  of  t i m e  d t  = 7 W i l l  go o u t  through t h e  o t h e r  

base of the c y l i n d e r ;  whereto,  t he  q u a n t i t y  of energy i n s i d e  of t h i s  

element is changed as a r e s u l t  Of r a d i a t i o n ,  a b s o r p t i o n ,  and d i s p e r s i o n  

by matter a long  t h e  r a y  6 and W i l l  equal  upon e x i t  from t h e  cy l inde r :  

a'&, Iv (P, t + dt; S) dv dQ do 6t. 
- -- 

Inc rease  of energy 

ds + tz '; ') dt dv d 8  ds at, 
- 

) ' ;"E, ( at, (P. r; S) 
i dS 

wi th  p r e c i s i o n  to  an i n f i n i t e s i m a l  magnitude of a h ighe r  o r d e r  is made 

up of r a d i a t i o n  

o f  weakening as 

given d i r e c t i o n  

o f  i n c r e a s e  due 

in t h e  given d i r e c t i o n  6: 

pqy dv ds df d 8  it, 
- 

a r e s u l t  o f  abso rp t ion  and d i s p e r s i o n  of energy from a 

t o  all s i d e s  i n s i d e  of  t h e  c y l i n d e r :  

p (a, 3.) I ,  dv ds df dP at, 
- .- - 

t o  d i s p e r s i o n  i n  accordance w i t h  formula (8) from o t h e r  

d i r e c t i o n s  8' i n  t h e  given d i r e c t i o n  8 :  

pv dv ds dg I Iv ( P I  t ;  s') 7, (P, t ;  s,  s') dQ' d& at. 

Combining a l l  t h e s e  a d d i t i o n s  t o g e t h e r  and  e q u a t i n g  t h e i r  4 9 3 ,  we o b t a i n  

4n 
4u _ _  

a f t e r  c a n c e l l a t i o n  by dvpdsdsdQ8t t he  sought  equat ion:  __ - - 
. _- - -  - - - + - - = ~ ~ + 2 1 f ~ ( P ,  I ai, 1 ai, t ;  s')7,(PI t; s,  s ' )dQ'- (av-+~.)~.w- 

p dr pc dt (26) 
4u . 

For  a s t a t i o n a r y  r a d i a t i o n  f i e l d ,  

t h e  equa t ion  d isappears .  In  some 

i t  smalll i n  comparison wi th  okher 
-I 

t he  second member i n  t h e  l e f t  p a r t  of 

c a s e s  i t  may be d i s c a r d e d ,  c o n s i d e r i n g  

members, because o f  t he  sma l lnes s  of 

I t h e  m u l t i p l i e r  -* If pure d i s p e r s i o n  is  n o t  cons idered  (a = 0) ,  then  

f o r  a s t a t i o n a r y  i n s t a n c e  equat ion (26) assumes t h e  form 
c V 

9 



In t h i s  same form may also b e  w r i t t e n  t h e  equat ion  o f  t r a n s f e r  of r a d i a t i o n  

wi th  c a l c u l a t i o n  o f  d i s p e r s i o n ,  but t h e n  i t  is necessary  t o  somewhat d i f -  

f e r e n t l y  determine c o e f f i c i e n t s  CY 

depend on d i r e c t i o n  ( s e e  S e c t i o n  3). 

and 'I1 , whereto qv, i n  g e n e r a l ,  will 
V V 

Influx o f  Heat Due t o  Radiation. We w i l l  choose a s u r f a c e  C wi th  

a volume of  matter 7 .  The i n f l u x  o f  heat due t o  r a d i a t i o n  i n  t h e  e l e -  

ment of mass pd? du r ing  time d t  w i l l  be: 

w, dr. 

Raving summed up this express ion  i n  accordance wi th  volume ? and 

having  equated ob ta ined  d i f f e r e n c e s  o f  i n c r e a s e  of  hea t  i n  volume 7 due 

t o  a b s o r p t i o n  and d iminut ions  due t o  r a d i a t i o n  ( d i s p e r s i o n  o f  components 

will no t  be g i v e n ) ,  we o b t a i n  t h e  expres s ion  f o r  s p e c i f i c  i n f l u x  o f  h e a t  

The q u a n t i t y  of radiation energy which w i l l  be  in t roduced  in a 

u n i t  o f  t ime i n s i d e  a s u r f a c e  Z in all f r e q u e n c i e s ,  may be determined 

by summation o f  express ion  (1) f o r  a l l  f r equenc ie s ,  d i r e c t i o n s ,  and f o r  

the  e n t i r e  s u r f a c e ,  We o b t a i n :  

t r 

Going on t o  t h e  l i m i t  w i th  T -. 0, we f i n d  t h e  magnitude o f  i n f l u x  of 

energy  due t o  r a d i a t i o n  as r e l a t e d  t o  the  u n i t  o f  t ime and volume: 

(28' 1 -* 
pQR = - dlv H. 

We m u l t i p l y  (26) by d a d v  and i n t e g r a t e  in all d i r e c t i o n s  and all 

f r e q u e n c i e s ,  and we have 
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Comparing t h i s  w i th  (281, we o b t a i n  another  express ion  f o r  magnitude of 

s p e c i f i c  i n f l u x  of hea t :  

U t i l i z i n g  t h i s  equat ion  j o i n t l y  with (28') , w e  a r r i v e  a t  t h e  c o r r e l a t i o n :  

i .e, ,  t h e  r a d i a t i o n  energy f lowing i n t o  t h e  e lementary volume o f  t h e  

medium goes p a r t l y  t o  h e a t i n g  and p a r t l y  t o  i n c r e a s e  of d e n s i t y  of 

r a d i a t i o n  energy i n  t h i s  volume. 

For i s o t r o p i c  r a d i a t i o n ,  = 0,  and t h e r e f o r e  

I f  t h e  r a d i a t i o n  f i e l d  is moreover also s t a t i a n a r y ,  t h e n  

, qR"O* 

S e c t i o n  2, Common Equat ions o f  Movement o f  a riaterial Medium 

wi th  Ca lcu la t ion  o f  Rad ia t ion  

A system of equa t ions  d e s c r i b i n g  movement of a s o l i d  medium, namely: 

an  e q u a t i o n  o f  t r a n s f e r  o f  a q u a n t i t y  of movement, a n  equa t ion  of t r a n s -  

f e r  of mass, and a n  equat ion  o f  t r a n s f e r  o f  energy,  is worked ou t  on  

ve ry  common assumptions and a l lows  v a r i o u s  p rocesses  i n s i d e  t h e  medium. 

S p e c i f i c a l l y ,  i t  is used f o r  d e s c r i p t i o n  of movement o f  a s o l i d  medium 

w i t h  c a l c u l a t i o n  o f  r a d i a t i o n ,  i . e . ,  i n  t h e  r a d i a t i o n  f i e l d ,  if o n l y  t h e  

magnitudes which e n t e r  i n t o  i t  a r e  determined i n  a corresponding  manner. 

1. A n  equat ion  of  movement of a s o l i d  medium i n  t e n s i o n s  wi th  calcu- 

l a t i o n  o f  r a d i a t i o n  is n o t  d i s t i n g u i s h e d  i n  form fmm an equat ion  o f  move- 

ment wi thout  c a l c u l a t i o n  o f  r a d i a t i o n  : 

11 



- with t h i s  t h e r e  are on ly  the  d i f f e r e n c e s  t h a t  w i t h  t h e  t e n s o r  of ten- 

s i o n s  ( ( P  .)) should  here be understood the  sum of  two t enso r s :  t h e  
i J  

, t enso r  ((P. .)) of t e n s i o n s  of a s o l i d  medium and the  t e n s o r  o f  r a d i a t i o n  
LJ 

Other symbols have t h e i r  own usual  meaning: p - d e n s i t y ,  3 - v e c t o r  of  
-+ 

speed,  and i ts  p r o j e c t i o n s  u u : F - v e c t o r  of mass s t r e n g t h ;  i x '  y'  uz 

I and j =: x, y ,  2. O r d i n a r i l y ,  the  t e n s o r  of  t e n s i o n s  i n  a v iscous  f l u i d  

is p resen ted  i n  t h e  form of t h e  sum of t he  t e n s o r  of h y d r o s t a t i c  p r e s s u r e  l 

and t h e  t e n s o r  of v i scous  tens ions :  

I n  p r e c i s e l y  this same way w e  may also d i v i d e  t h e  t e n s o r  of r a d i a t i o n  

t h e  first t e n s o r  corresponds t o  the i s o t r o p i c  r a d i a t i o n  f i e l d ,  and t h e  

second t o  ob l ique  r a d i a t i o n  t ens ions  i f  we assume [4]: 

- 
where Iv is def ined  as t h e  magnitude o f  "output": 

c 

I" = - I I ,  dQ = 4ncoa,.' 4r 
4% 

1 2  



If we mul t ip ly  t h e  equat ion  of t r a n s f e r  of  r a d i a t i o n  by t h e  c o s i n e  

( i ,  n) dvd and i n t e g r a t e  wi th  a l l  f r equenc ie s  and d i r e c t i o n s ,  t hen  we 

o b t a i n  : 

For i s o t r o p i c  r a d i a t i o n  

For a v i scous  f l u i d ,  components of a t e n s o r  of v i s c o u s  t e n s i o n s  

( ( ' f i j ) )  are expressed  i n  hydromechanics by components of a t e n s o r  o f  

deformation i n  t h e  fo l lowing  form: 

where 

p, h - c o e f f i c i e n t s  of  v i s c o s i t y .  

2 .  An equat ion  of conserva t ion  of mass, i f  l i m i t e d  t o  c a s e s  i n  

which i n  the cons idered  f i e l d  sou rces  and d i s c h a r g e s  Of ms8 are absen t ,  

also mainta ins  i ts u s u a l  form i n  c a l c u l a t i o n  o f  r a d i a t i o n :  

I f  t h e r e  are s o u r c e s  o r  d i scha rges ,  then  i n  t h e  r i g h t  part should  be 

s u p p l i e d  the  power of t h e  sou rces  (d i scha rges ) .  

3. Equat ion of energy. We s e l e c t  i n  t h e  stream of f l u i d  some 

volume 7 ,  l i m i t e d  by the  motionless  s u r f a c e  c. We a p p l y  the l a w  of  

conse rva t ion  of energy t o  i t .  

of a p a r t i c l e  of f l u i d  is not  changed by t h e  presence  o.f a radiatian 

p i 5  The express ion  of  k i n e t i c  energy TdT 



f i e l d  i n  our  s ta tement  of t h e  problem. As r ega rds  i n t e r n a l  energy, by 

i n t e r n a l  energy of  a p a r t i c l e  pcdl  should now be understood t h e  sum of 

i n t e r n a l  energy of considered movements of e lementary p a r t i c l e s  (mole- 

c u l e s ,  atoms, e t c . )  eT and o f  energy of r a d i a t i o n  en, whereto sT w i l l  be 

related t o  the  u n i t  o f  ma68 and eR we prev ious ly  related t o  the u n i t  of 

volume, and t h e r e f o r e  : 

6 UT+ - . . 
P 

To t h e  element o f  s u r f a c e  dru are added s u r f a c e  f o r c e s ,  t e n s i o n  of  t h e  

main v e c t o r  of  which p" will cons i s t  of t h e  t e n s i o n  of t h e  main v e c t o r  

of  s u r f a c e  f o r c e s  due. t o  i n t e r n a l  t e n s i o n s  o f  the  f l u i d ,  f e e . ,  due t o  
n 

t r a n s f e r  through t h e  s u r f a c e  of  elementary impulses  by elementary p a r t i -  

c l e s  of f l u i d ,  and of t h e  t ens ion  of  t h e  main v e c t o r  due t o  r a d i a t i o n  

t e n s i o n s  - due t o  t r a n s f e r  o f  impulses by photons,  i .e.,  

- + + +  
P,=P,+Pnn* (13) 

We w i l l  consider t h e  work of mass f o r c e s ,  and a l s o  the influx of 

h e a t  due t o  thermal  conduc t iv i ty  and r a d i a t i o n  t r a n s f e r  o f  energy. 

By the  u s u a l  methods o f  d e r i v a t i o n  o f  an  equat ion o f  energy (wi th  

u t i l i z a t i o n  of an equat ion  of movement and an equation o f  i n d i s s o l u b i l i t y )  

where 

H - c o e f f i c i e n t  of thermal  conduct ivi ty .  
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If 4 0,  v e c t o r s  of  degrees  T ,  $, and 3 are pa ra l l e l ,  and mass 

fo rces  are conserva t ive  ( 3  = degrees  U), then  f o r  s t a t i o n a r y  movement 

, may be obtained the first i n t e g r a l  - t he  gene ra l i zed  i n t e g r a l  of 

Be rnou l l i  : 

the  r i g h t  p a r t  is cons tan t  a long  the  l i n e  of  cu r ren t .  

The system of  equat ions  (11, (111, and (141, if usual hypotheses  

concerning the  r e l a t i o n  of  a t e n s o r  o f  t e n s i o n s  ((Pij)) t o  a t e n s o r  of 

speeds of deformations ( ( e i j ) )  a r e  in t roduced ,  in genera l  p roves  to  be 

open. In  a d d i t i o n ,  i t  is necessary to e n l i s t  a thermodynamic equat ion 

of the  s t a t e  of matter. Consider ing a l l  c o e f f i c i e n t s  which w i l l  be  

f i g u r e d  i n  the  equat ions  ( c o e f f i c i e n t s  of  v i s c o s i t y ,  c o e f f i c i e n t  o f  

thermal conduc t iv i ty ,  etc.) as cons tan t  or as known f u n c t i o n s  o f  v a r i -  

ables  a l r e a d y  in t roduced  i n t o  the  equa t ion ,  w e  c l o s e  t h e  system i f  radi- 

a t i o n  is  not considered.  I n  c a l c u l a t i o n  of t h e  l a t t e r ,  a number of o t h e r  

magnitudes appear ,  but all of  them, as was shown above, m y  be expressed 

by i n t e n s i t y  of r a d i a t i o n  Iv. 

t r a n s f e r  o f  r a d i a t i o n  ( 2 2 ,  sec t ion  21, w e  i n t r o d u c e  a number of new 

Inc luding  i n  t h e  system the  equat ion of 

magnitudes: cry, T v 9  cry, y,. 

P a r t  of them w e  cons ide r  known funct ions  which may not be determined 

by hydromechanical methods. 

g a r d s  t he  c o e f f i c i e n t  of r a d i a t i o n  qv, i t  i s  an unknown func t ion  and f o r  

- i ts  de te rmina t ion  an a d d i t i o n a l  c o r r e l a t i o n  is necessary.  I n  t h e  q u a l i t y  

To them are related cyv, T],,, and y ; as re- 
V 

of such  a c o r r e l a t i o n  is u s u a l l y  taken  Kirchhoff ’s  l a w .  
3- - 8 . 9  

a, (18) 

where BV is t h e  func t ion  o f  r a d i a t i o n  of  Plank, or i n  t h e  i n t e g r a l  form: 

-ns=o CI x P. (19) 



The l a t t e r  formulas a r e  j u s t i f i e d ,  s t r i c t l y  speak ing ,  o n l y  i n  a case  o f  

thermodynamic equ i l ib r ium and may be used i n  t h o s e  problems of hydro- 

. mechanics i n  which the  hypo thes i s  concerning l o c a l  thermodynamic equi- 

l i b r i u m  is j u s t i f i e d .  There may also be ob ta ined  o t h e r  c o r r e l a t i o n s  

d e s c r i b i n g  the s t a t e  of r a d i a t i o n  which may be used when Ki rchhof f ' s  l a w  

proves imprac t i cab le  [l] . 
S e c t i o n  3. One-Dimensional Movement o f  R a d i a t i n g  Gas 

For one-dimensional movement, the system ef b@.c eqlmtions may be 

si gni  f i  c a n t l y  s i m p l i f i e d .  

We will cons ide r  t h a t  movement of a m a t e r i a l  medium i n  a r a d i a t i o n  

f i e l d  occur s  a long  t h e  d i r e c t i o n  of t h e  system of r a d i a t i o n ,  i .e . ,  a long  

the  g r a d i e n t  of temperature .  We w i l l  assume that all c h a r a c t e r i s t i c s  of 

t he  g a s  and r a d i a t i o n  f i e l d  depend on on ly  one c o o r d i n a t e  x and i n  t h e  

case  o f  non- s t a t iona ry  movement - also on t ime t .  Thus,  i n  each p o i n t  

o f  any plane  pe rpend icu la r  t o  t h e  d i r e c t i o n  of  t h e  speed o f  c u r r e n t ,  all 

r a d i a t i o n  and hydrodynamic magnitudes w i l l  be cons idered  completely 

i d e n t i c a l .  Only one magnitude w i l l  depend on d i r e c t i o n ,  namely - spe- 

c i f i c  i n t e n s i t y  Iy. Consider ing the  medium, t h u s ,  as f l a t - s t r a t i f i e d ,  

we m u s t  assume as a v a l i d  symmetry a lso  its axis symmetry r e l a t i v e  t o  t h e  

r a d i a t i o n  f i e l d ,  i . e . ,  cons ider  t h a t  the i n t e n s i t y  of  r a d i a t i o n  depends 

o n l y  on one ang le  $formed by a ray  w i t h  t h e  d i r e c t i o n  of speed o f  move- 

ment of t he  g a s ,  and does no t  depend on t h e  o t h e r  two a n g l e s  ( o r  o t h e r  

two gu id ing  cos ines ) .  If we cons ide r  only the r a d i a t i o n  of the medium 

i tself ,  cons ide r ing  t h e r e  is no r a d i a t i o n  from o u t s i d e  s o u r c e s ,  t hen  

f o r  a one-dimensional problem and for a homogeneous medium, the observa- 

t i o n s  made fol low as they a re .  This  remains j u s t i f i a b l e  also i n  tha t  

c a s e  i n  which t h e r e  is an o u t e r  60urce of r a d i a t i o n  but t h e  stream from 
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.it is d i r e c t e d  along t h e  v e c t o r  of t h e  speed of  movement o f  t he  medium. 

Non-diagonal components of a t e n s o r  o f  r a d i a t i o n  p r e s s u r e  in the 

case  of movement a l o n g  an axis x become zero:  

pB,(je= 0, # /* 

From c o n s i d e r a t i o n s  of  symmetry 

PRus-  p R ~ ~ '  

In a d d i t i o n ,  w e  have: 

Hvy="*"6; .. .Y#=!?'~o: 

In an equat ion  o f  t r a n s f e r ,  i n s t e a d  of d i f f e r e n t i a t i o n  by d i r e c t i o n  

of t h e  r a y  6 i t  is now convenient t o  i n t r o d u c e  d i f f e r e n t i a t i o n  along 

axis x, having u t i l i z e d  t h e  equat ion:  

d - cos n - d -- 
dS ax 

If  t h e  movement is s t a t i o n a r y  and i f  mass f o r c e s  are conse rva t ive  
dU X=- 
dx' 

then  t h e  system allows the first i n t e g r a l s :  
pu - m, 

If U = 0 ,  then system (1) - (3) is reduced t o  t h e  fo l lowing  l e v e l s :  
.. 

pu = rn; i 

( 5 )  

m, n ,  2 - ( cons t an t  i n t e g r a t i o n s ) .  



I f  t h e  r a d i a t i o n  f i e l d  is s t a t i o n a r y  o r  i f  the member rd/, 
c dt is d i s -  

regarded ,  cons ide r ing  i t  small i n  comparison w i t h  o t h e r s ,  t hen  t h e  equa- 

t i o n  o f  t r a n s f e r  of  r a d i a t i o n  (4) f o r  one-dimensional movement is re- 

w r i t t e n  i n  t h e  fo l lowing  form: 

where 

Jv - t he  func t ion  of r a d i a t i o n ,  determines the q u a n t i t y  of r a d i a t i o n  

energy emitted by a u n i t  of  ma68 by way of  r a d i a t i o n  and d i s p e r s i o n ;  i n  

g e n e r a l ,  i t  depends on t h e  coord ina te  x, d i r e c t i o n  ( i * e . ,  on the angle 

-$), t ime t ,  and frequency vI I f  t h e  i n d i c a t r i x  of  d i s p e r s i o n  does n o t  

depend on 4, f o r  example i n  t h e  case  of i s o t r o p i c  d i s p e r s i o n  y I l), o r  

if d i s p e r s i o n  is n o t  cons idered  ((w = O ) ,  then  J does n o t  depend on. 

d i r e c t i o n  . V V 

In  mean form by f r equenc ie s ,  equa t ion  (11) is w r i t t e n  in t h e  form: 
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[Translator's note:  Pages 90 and 91 of orig inal  not available],  
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I 
~ 

I f  t h e  tempera ture  i s  so h i g h  t h a t  complete d i s s o c i a t i o n  of molecules  

h a s  occurred ,  then t h e  i n t e r n a l  energy o f  t h e  

of t h e  now monatomic gas ( y  = -) and energy 5 
3 

g a s  w i l l  c o n s i s t  o f  energy 

o f  d i s s o c i a t i o n  : 

where U is energy of d i s s o c i a t i o n  i n  c a l c u l a t i o n  f o r  one mole. d 

We w i l l  cons ider  monatomic gas i n  more d e t a i l .  L e t  us  assume t h a t  

t h e  tempera ture  w a s  s u f f i c i e n t l y  high t h a t  i o n i z a t i o n  had v i t a l  importance.  

The medium i n  t h i s  c a s e  w i l l  be considered a mixture  o f  t h r e e  p e r f e c t  

gasesr  gas  c o n s i s t i n g  o f  n e u t r a l  atoms, gas o f  i o n s ,  and e l e c t r o n i c  gas. 

Two processes  l e a d  t o  loss of e l e c t r o n s  by atoms: thermal  i o n i z a -  

t i o n  produced by c o l l i s i o n s  of atoms w i t h  f r e e  e l e c t r o n s  and a l s o  wi th  

atoms and i o n s ,  and pho to ion iza t ion ,  which is produced by l i g h t  quanta 

(photons)  e x t r a c t i n g  e l e c t r o n s  from atoms. S imul taneous ly  w i t h  p rocesses  

of  i o n i z a t i o n  m u s t  also occur  p rocesses  o f  recombinat ion o f  i o n s  and e l ec -  

t r o n s  i n t o  n e u t r a l  atoms, Herewi th ,  the  s u r p l u s  of energy e i t h e r  g i v e s  

i t s e l f  up t o  some t h i r d  p a r t i c l e  o r  is emi t t ed  i n  t h e  form o f  a l i g h t  

quantum. Pho to ion iza t ion  has  predominant importance a t  v e r y  low p r e s s u r e s .  

At normal and v e r y  h igh  p r e s s u r e s ,  as a problem concern ing  an i n t e n -  

s i v e  compression wave, thermal i o n i z a t i o n  predominates.  But t h e  l a t t e r  

form of i o n i z a t i o n  w e  w i l l  cons ider  i n  t h e  f u t u r e .  

Common c o r r e l a t i o n s  f o r  i o n i z e d  gas may be o b t a i n e d  by methods o f  

e lementary thermodynamics, cons ider ing  i o n i z a t i o n  as a s e r i e s  o f  chemi- 

c a l  r e a c t i o n s ,  as w e l l  as by methods of s t a t i s t i c a l  phys i c s ,  

W e  w i l l  assume t h a t  i n  every p o i n t  t h e r e  is  i o n i z a t i o n a l  equ i l ib r ium 

and t h a t  each f r e e  p a r t i c l e  o f  gas posses ses  energy -&kT and impulse kT, 

as f o l l o w s  from t h e  k i n e t i c  theory o f  gases.  I n  a case  o f  thermodynamic 
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equ i l ib r ium,  the  p r e s s u r e  of gas equals :  

p = N k T ,  

where N is t h e  number of  elementary p a r t i c l e s  i n  a u n i t  of volume, and k 

is t he  cons t an t  of Boltzmann. As l ong  as all p a r t i c l e s  are independent ,  

t h e  p r e s s u r e  o f  t h e  gas  w i l l  c o n s i s t  of t h e  sum o f  p a r t i a l  p r e s s u r e s  o f  

e l e c t r o n i c  p i o n i c  p , and atomic p gases.  e' U a 

For de te rmina t ion  of p r e s s u r e  i t  i s  necessa ry  t o  c a l c u l a t e  t h e  con- 

c e n t r a t i o n  of n e u t r a l  atoms, ions, ana e i e c t r o i i s  de3endezt as t e q e r a t u r e  

and d e n s i t y  of the gas. I n c r e a s e  o f  t he  temperature  of  gas g i v e s  r i s e  

t o  n o t  o n l y  i n c r e a s e  o f  the  degree of i o n i z a t i o n  ( c o n c e n t r a t i o n  of  e l ec -  

t r o n s ) ,  bu t  a l s o ,  g e n e r a l l y  speaking,  to e x c i t a t i o n  of deeper  e l e c t r o n i c  

l e v e l s  o f  n e u t r a l  and i o n i z e d  atoms. We w i l l  d e s igna te  t h e  number of 

e l e c t r o n s  i n  a u n i t  of volume of gas of given  cond i t ions  by ne ,  t he  number 

of n e u t r a l  atoms by na,  and t h e  number -times i o n i z e d  atoms by nr ,  where- 

t o  r ,  a p p a r e n t l y ,  may i n  gene ra l  change from 1 toR , where% is t h e  o r d i n a l  

number o f  the element i n  the periodia system o f  Mendeleyev, and the number 

of ions n w i l l  equa l  Cnr, The t o t a l  number of p a r t i c l e s  i n  a u n i t  o f  
U r 

volume w i l l  equal :  

a c c o r d i n g l y ,  t h e  p r e s s u r e  of such a gas i s  expressed  by t h e  formula: 

(1) P = (ne $- n, + n,,) k T. 

L e t  us assume t h a t  cond i t ions  are such t h a t  o n l y  s i n g l e  (one-time) 

i o n i z a t i o n  takes p l a c e ,  i . e . ,  on ly  one  o u t e r  e l e c t r o n  o r  none is  t o r n  

from t h e  atom. T h i s  may be assumed by reason  t h a t  t h e  energy  of t h e  

disengagement of t h e  first e l e c t r o n  i s  always s i g n i f i c a n t l y  less than  

t h e  energy  o f  t h e  disengagement of t h e  second e l e c t r o n ,  and a p p r e c i a b l e  

double  i o n i z a t i o n  may occur  only  a f t e r  n e a r l y  complete s i n g l e  i o n i z a t i o n ,  



Des igna t ing  t h e  t o t a l  number o f  a toms  i n  a u n i t  o f  volume by N 

f o r  s i n g l e  i o n i z a t i o n :  

we o b t a i n  
0' 

(2) 
P = U + t ) N & T ,  

where z is the  degree of  i o n i z a t i o n ,  i . e . ,  t h e  number o f  i o n i z e d  atoms 

r e l a t i v e  t o  the  t o t a l  number o f  atoms.  

r i g h t  p a r t  ( 2 )  by t h e  m a s s  o f  t h e  atom ma, we have 

Mul t ip ly ing  and d i v i d i n g  the 

o r  

where p = Noma, i . e . ,  t h e  mass o f  t h e  e l e c t r o n  as compared wi th  the  

mass o f  the  atom is  d i s rega rded ,  Ro J - is t h e  u n i v e r s a l  gas cons tan t ,  

p is t h e  atomic m a s s  of non-ionized gas r e l a t i v e  to  hydrogen, and % 
is t h e  mass of a n  atom of hydrogen. 

"H 
H 

I n t e r n a l  energy r e s i d e n t  in a u n i t  o f  volume w i l l  be comprised o f  

k i n e t i c  energy of t r a n s l a t i o n a l  movements o f  e lementary p a r t i c l e s  T k T N ,  3 

energy o f  i o n i z a t i o n ,  and energy o f  e x c i t a t i o n .  

For  i o n i z a t i o n  ( r  = 1). a s i n g l e  t i m e  o f  a n  

work equa l  t o  r - t h a t  p o t e n t i a l  of i o n i z a t i o n r r ,  

n a toms,  work r equ i r ed  equals  n&. But to  t h e  

ions e n t e r i n g  i n t o  n is cons idered  subsequent ly  

r 

r 

i o n i z e d  atom r e q u i r e s  

and f o r  i o n i z a t i o n  o f  

e x t e n t  tha t  each o f  t h e  

t o  be i o n i z e d  r t ime,  
c 

then t o  t hese  atoms m u s t  be  a sc r ibed  the  energy of i o n i z a t i o n  n , z x ,  , 
6 0 0  

and all t h e  energy of i o n i z a t i o n  i n  c a l c u l a t i o n  f o r  a u n i t  of  volume of 

gas  w i l l  equal:  

The energy o f  e x c i t a t i o n  i n  c a l c u l a t i o n  f o r  one p a r t i c l e  is  repre-  

s e n t e d  by the  formula known from s t a t i s t i c a l  phys ics :  
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is t h e  p o t e n t i a l  o f  e x c i t a t i o n  o f  a p a r t i c l e  o f  t h e  type r i n  t h e  Xr.6 
given c a s e  of a r t ime i o n i z e d  a tom be ing  i n  a quantum s t a t e  s ( a s c r i b -  

i n g  t o  t h e  index  r t h e  v a l u e  0 ,  we w i l l  cons ide r  n e u t r a l  atoms),  and 

is t h e  s t a t i s t i c a l  weight.  Summation is conducted by all quantum gr, e 
s t a t e s  of the  p a r t i c l e .  The energy of e x c i t a t i o n  of  a l l  atoms i n  a unit 

of volume will equal: 
a 

(7) 

Adding up (4). ( 5 ) ,  and (7), w e  ob ta in  t h e  v o l u m e t r i c a l  d e n s i t y  of t he  

complete i n t e r n a l  energy of t h e  gas: 
m r  m 

For once i o n i z e d  gas we ob ta in :  

which may also be w r i t t e n  thus i f  the  r i g h t  p a r t  is m u l t i p l i e d  and di- 

v ided  by t h e  m a s s  of a n e u t r a l  atom o f  t h e  cons idered  gas and i t  is 

cons ide red  t h a t  E3 m E p: o a  

The mass d e n s i t y  of i n t e r n a l  energy w i l l  be: 

The p o t e n t i a l  of i o n i z a t i o n  & is a magnitude which i s  cons tan t  

for a given gas and i s  determined exper imenta l ly .  
. -  

The entropy of  a u n i t  o f  volume of  i o n i z e d  gas is  ob ta ined  in t h i s  

form by methods o f  s t a t i s t i c a l  phys ics :  



In t h e  l a s t  i t e m ,  i n s t e a d  o f  a sum by states w a s  i n t roduced  the  stat is-  

t i c a l  weight of a n  e l e c t r o n  equal  to two. 

We w i l l  a l s o  wr i t e  an  expression f o r  t h e  thermal  f u n c t i o n  W and 

free energy F. U t i l i z i n g  the  known thermodynamic equat ions :  
W = W + p ;  
F = ET- Ts, 

w e  have: 
R r  

a a 8 .  

- [kn, In - 4 3  (2am,, kT)'u - kn, In (2srn,,k n,nD T F 2  . (14) 
. n# 

r=o 
In a s t a t e  o f  equ i l ib r ium,  f r ee  energy shou ld  a t t a i n  a minimum of 

dependence on parameters determining t h e  degree  of i o n i z a t i o n  , whereby 

o r ,  d i f f e r e n t i a t i n g  (10) and t a k i n g  i n t o  c o n s i d e r a t i o n  t h e  cond i t ion  of 

the  e l e c t r i c a l  n e u t r a l i t y  of t h e  gas as a whole: 
9l 

n, = 2 m,, <= 1 

w e  o b t a i n  an equat ion  de termining  t h e  concen t r a t ion  of i o n s :  
r -2 XI 

(2makT)J'1 { 2 (2nmekT)%)'; (-,, ZP 
ha ha 

n& = u, 

o r  a l s o  i n  t h e  known form (formula of Sakh) : 
1 \ 

where p = n kT is  the  p a r t i a l  e l e c t r o n i c  p re s su re .  e e 
For s i n g l e  i o n i z a t i o n ,  equation (15) takes  t h e  form 

S 

Other  thermodynamic magnitudes  nay a l s o  b e  determined,  for example, 

s p e c i f i c  h e a t s  c and cv, speed of sound, e t c . ,  but we w i l l  g ene ra l ly  
P 
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. 
n o t  do t h i s  and w i l l  cons ide r  t hese  magnitudes only i n  t he  case of s i n g l e  

i o n i z a t i o n  

E x c i t a t i o n  of atoms may n o t  be cons idered  w i t h  a great degree of  

accuraay (c51, page 332) and i t  is  considered t h a t  all atoms and ions 

are i n  a normal state. As a r e s u l t  o f  t h i s ,  t h e  preceding  formulas may 

be s i m p l i f i e d .  

p laced  by cons tan t  magnitudes - s t a t i s t i ca l  weights  f o r  basic condi t ions  : 

The sum by states f o r  n e u t r a l  atoms and i o n s  may be re- 

u,zg*. urZzgu 

and f o r  s i n g l e  i o n i z a t i o n  we w i l l  have: 

Le t  us now f i n d  thermal  hea t  capac i ty  a t  c o n s t a n t  pressure .  We 

will proceed from t h e  thermodynamic formula: 

We have in f o r c e  (19): 
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t he  l e f t  and r i g h t  p a r t  i t s  l o g a r i t h m i c  d e r i v a t i v e .  We o b t a i n :  

S u b s t i t u t i n g  t h e  d e r i v a t i v e  determined by t h i s  c o r r e l a t i o n ,  i n  (22). 

we find t h e  v a l u e  of t h e  s p e c i f i c  hea t  a t  c o n s t a n t  p r e s s u r e ,  r e l a t i v e  

t o  the  u n i t  of volume: 

o r  i n  c a l c u l a t i o n  f o r  a u n i t  of mass of gas: 

For de te rmina t ion  o f  s p e c i f i c  h e a t  o f  gas with  c a l c u l a t i o n  o f  

i o n i z a t i o n  i n  cons t an t  volume ( d e n s i t y ) ,  we w i l l  proceed from the form- 

ula: 

From formula (21) .  u t i l i z i n g  equat ion (21, we have: 

which t o g e t h e r  w i t h  ( 2 5 )  l e a d s  t o  t h e  expres s ion :  

or i n  c a l c u l a t i o n  f o r  a u n i t  of  mass: 

The r a t i o  of s p e c i f i c  h e a t s :  
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\'(e will now determine t h e  a d i a b a t i c  speed of  sound i n  gas w i t h  

c a l c u l a t i o n  of  i o n i z a t i o n ,  f o r  which we w i l l  t a k e ,  as u s u a l ,  t h e  magni- 

tude : 

t h e  darivatire is taken w i t h  cons tan t  entropy. We w i l l  wr i te  the  condi- 

t i o n  of  constancy o f  en t ropy  i n  the  fo l lowing  form: 

ds  E 0 ,  

whereto h e r e ,  i n s t e a d  of  en t ropy  S r e l a t i v e  t o  a u n i t  o f  volume, w e  w i l l  

t ake  en t ropy  s r e l a t i v e  t o  a u n i t  o f  mass, and appa ren t ly :  

s = S / P .  

E q u a l i t y  (18) w i l l  g ive:  

F u r t h e r ,  t a k i n g  l o g a r i t h m i c  d e r i v a t i o n s  from (a) and (3)  w e  have: 

from which t o g e t h e r  w i t h  t h e  p reced ing  formula i t  fo l lows  t h a t :  

A 2 1  fonnulas  of t h e  p re sen t  s e c t i o n  a r e  a t  once conver ted  i n t o  

o r d i n a r y  thermodynamic c o r r e l a t i o n s  f o r  monatomic i d e a l  gas i f  i t  is 

assumed t h a t  z = 0 (non-ionized g a s ) ,  o r  z = 1 (gas completely i o n i z e d ) ,  

o r  i f  i n  gene ra l  i t  is cons idered  t h a t  z P const .  
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I 

~ 

I 
F u r t h e r  on w e  w i l l  cons ide r  a s t r e a m  of  monatomic gas i n  t h o s e  con- 

d i t i o n s  which may be l i m i t e d  t o  c a l c u l a t i o n  o n l y  of  s i n g l e  i o n i z a t i o n .  

The equat ion of  s t a t e  may be taken  i n  t h e  form (41, and t h e  expres s ion  

for m a 6 s  d e n s i t y  o f  i n t e r n a l  energy w i l l  b e  w r i t t e n  thus: 

i I n  t h e s e  two c o r r e l a t i o n s ,  a f u n c t i o n  of t h e  s t a t e  o f  t h e  gas 

en te red  - t h e  degree of i o n i z a t i o n  z, which w e  w i l l  determine wi th  t h e  

a i d  of equa t ion  (211, 

Thus, i n  a l l  o u r  r eason ings ,  w e  cons ide r  gas i d e a l  i n  a thermo- 

dynamic r e l a t i o n ,  but we take i n t o  account  i t s  own k i n d  of chemical re- 

a c t i o n  - i o n i z a t i o n ,  which takes p l a c e  i n  a cons idered  gas  mixture .  

S e c t i o n  4. One-Dimensional Movement w i t h  I n f l u x  

of  Heat Due t o  Radia t ion  

I n  t h i s  s e c t i o n  is considered t h e  s i m p l e s t  problem of hydromechanics 

wi th  c a l c u l a t i o n  o f  r a d i a t i o n ,  namely: s t a t i o n a r y  r e c t i l i n e a r  movement 

of i d e a l  gas .  For s i m p l i f i c a t i o n  of  t h e  problem, thermal  conduc t iv i ty  

and v i s c o s i t y  a r e  d is regarded .  

G a s  is cons idered  monatomic so as t o  make i t  p o s s i b l e  t o  n o t  con- 

s i d e r  d i s s o c i a t i o n  o f  molecules  at h i g h  t empera tu res ,  and a l s o  so as t o  

no t  c a l c u l a t e  the  c o e f f i c i e n t  o f  abso rp t ion  i n  r eg ions  o f  a molecular  

spectrum. I n  a d d i t i o n ,  we u t i l i z e  t h e  hypothes is  concerning l o c a l  

thermodynamic equ i l ib r ium,  i .e. , w e  c o n s i d e r  t h a t  a l though  t h e  tempera- 

t u r e  a t  v a r i o u s  p o i n t s  of t h e  s t r eam v a r i e s ,  a t  each  p o i n t  t h e r e  is 

e q u i l i b r i u m  of a l l  t h e  considered p rocesses  i n  t h e  temperature  p e c u l i a r  

t o  t h i s  po in t .  T h i s  s p a r e s  us t h e  n e c e s s i t y  o f  c o n s i d e r i n g  t h e  t ime of 

r e l a x a t i o n  ( f o r  example, o f  t h e  p rocess  of  i o n i z a t i o n ) ,  S i n g l e  i o n i z a -  

t i o n  is considered. 
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In p a r a l l e l  are adduced results f o r  homogeneous gas, i - e . ,  f o r  i d e a l  

gas [ 6 ] ,  t h e  s t a t e  o f  which throughout a l l  r eg ions  o f  t he  flow o f  gas 

does no t  change ( t h e r e i n ,  f o r  example, t h e  degree o f  i o n i z a t i o n ) ,  Cor- 

r e l a t i o n s  f o r  d e s c r i p t i o n  of r a d i a t i o n  a r e  t aken  i n  mean form by fre- 

quencies  and by d i r e c t i o n s ,  whereby d i s p e r s i o n  w i l l  be d is regarded .  

Temperatures a r e  cons idered  t o  be n o t  so h i g h  as t o  cons ide r  mechanical 

action of  a radiation f i e l d  ( l i g h t  p r e s s u r e ) ,  and speeds  not  so great as 

t o  t a k e  i n t o  account r e l a t i v i t y  e f f e c t s ,  

We w i l l  cons ider  j u s t i f i e d  fo r  ou r  case  Ki rchhof f ' s  l a w  (191, sec- 

t i o n  1) , 

The sys tem o f  hydrodynamic equat ions (8) - (10)  s e c t i o n  3 take t h e  

form: 

I pu = m, 
p+ mu - tz, 

+H=i. mu3 me,&nu-- 2 (1 )  

Here it is also necessa ry  t o  add: equat ions (171, ( 3 0 ) .  and (16) from 

s e c t i o n  4, and also t h e  equat ion  of t r a n s f e r  o f  r a d i a t i o n  (13 ,  s e c t i o n  

3). Assuming t h a t  t h e r e  

equat ion  (13, s e c t i o n  3) 

an o r d i n a r y  d i f f . e r e n t i a l  

is approximately f u l f i l l e d  t h e  equa l i ty :  

J /cosQO dQ =.+ J l d Q ,  
4u 4% 

toge ther  wi th  (15, s e c t i o n  3)  may be reduced t o  

equation : 

---+T- d z H - H  BOP dT 
ds' at . a,, d.c ' ,  

. There e x i s t  1 1 a:=- cy is t h e  cons t an t  o f  Stephan - Boltzmann a0=- 

o t h e r  methods o f  ave rag ing  which & S O  l e a d  t o  equat ion  (21, but  with 

-J3 .' 2 .  

2 2 o t h e r  va lues  of cyo and a;. Thus, accord ing  to  Mustel '  L7], a@=- 3' a;=x; 
1 1 

. %  

and accord ing  t o  Schwarzschi ld  , Qo=- 2 '  a : = y  
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We w i l l  i n t r o d u c e  t h e  unmeasured v a r i a b l e s  : 
v - t  - p . -  LI 

T=-* 1 
7-1 ' P I -  ' P A ) -  * u=-  

P1 P1 ut ' 

where by t h e  i n d e x  1 are  des igna ted  v a l u e s  of  v a r i a b l e s  i n  any p o i n t  

7 = T1. 

pressed by one of t h e s e  i n  an  unmeasured form, f o r  example, by unmea- 

s u r e d  speed$,  which is equa l  i n  force of an e q u a t i o n  of  i n d i s s o l u b i l i t y  

All f u n c t i o n s  e n t e r i n g  into sys tems (1) and (2) may be ex- 

V 
V t o  t h e  va lue  of t h e  unmeasured s p e c i f i c  volume 7 = - t 

@ 

p = u-ll 

For a homogeneous the rma l ly  and c a l o r i f i c a l l y  p e r f e c t  gas (eT = cVT, 

R C 2 
p ~ ,  z P < P = T  c o n s t ,  a y = 5, wherein cy,  y t  R are con- 

V 
stant magnitudes) the last three equations o f  the system (U )  take the 

form: 

In  equa t ions  (4) and (4'): 
P l 4  

Ql"-g 

2 = y 5 ,  where 5 
3 .  1 whereto f o r  monatomic gas y = - For_ homogeneous gas q 

M1 is t h e  number M f o r  cond i t ions  of  f low a t  p o i n t  7 = Tl. 



* 
For. t h e  degree of i o n i z a t i o n  L ,  from (16, s e c t i o n  4) w e  have: 

/ -  

here  

p l a c i n g  (4) i n  (2). we o b t a i n  t h e  fundamental equat ion of t h e  problem: 

where 

' I  

( f o r  homogeneous gas, i n  t h e  first p a r t  o f  t h e  express ion  for  f3 in -  2' 

s t e a d  of t h e  c o e f f i c i e n t  2 is en te red  8 +). 
Y -  

If we i n t r o d u c e  a new unknown func t ion  

then w e  o b t a i n  an ordinary d i f f e r e n t i a l  equat ion  of t h e  first order :  

This d i f f e r e n t i a l  equat ion  has t h e  i n t e g r a l :  

and six speciaL p o i n t s ,  Two of these l i e  on the  axis y 0: 

where zA and z are va lues  o f  L wi th  corresponding values of 2, These B 
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N p o i n t s  correspond to  s t a t i o n a r y  values o f  the function u ( T ) ,  i . e . ,  to 

conversion o f  acce lera t ion  to zero ,  and are saddles  according to the 

c l a s s i f i c a t i o n  o f  Poincare [8]. Integral curves i n  the v i c i n i t y  of 

these po in t s  have the form: 

where 

( zeros  on corresponding symbols designate that t h e i r  va lues  are taken 

at s p e c i a l  point  A o r  correspondingly B), and two i n t e g r a l  curves 

pass through s p e c i a l  point A’ (correspondingly B ) .  
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i 
, [Translator's no te :  Page 101 of o r i g i n a l  not available] .  
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I .... I n v e s t i g a t i o n  o f  the s t r u c t u r e  of a shock wave i n  t h i s  case should  

be done wi th  cons tan t  va lues  of a l l  phys i ca l  c h a r a c t e x 5 s t i c s  e n t e r i n g  

i n t o  fundamental equat ions desc r ib ing  the  pro ces s  ( c o e f f i c i e n t  o f  v i s c o s i t y  

and thermal conduc t iv i ty ,  s p e c i f i c  h e a t s ,  e t c , ) .  Then t h e r e  may be a case  

i n  which a change of condi t ions  i n  the gas produces phys ica l  and chemical 

r e a c t i o n s  i n  i t  ( f o r  example, e x c i t a t i o n  o f  r o t a r y  degrees  of  freedom i n  

the  gas and the reby  change o f  spec i f ic  h e a t ) .  But t h e s e  reactioans may 

occur q u i t e  s lowly  as compared with the  speed of compression of  gas i n  

a shock wave. Then, the e n t i r e  process  may be d iv ided  i n t o  two s t a g e s :  

a t  first occur s  t h e  compression o f  gas without  c a l c u l a t i o n  of  a r e a c t i o n  

which i n t e r e s t s  us, and then a r e a c t i o n  occur s  i n  t h e  gas compressed by 

a wave- I f  the speed of the r e a c t i o n  is s u f f i c i e n t l y  great so that in-  

s i d e  of t h e  compression wave it  succeeds in being  s u b s t a n t i a l l y  manifested,  

then i n v e s t i g a t i o n  of the s t r u c t u r e  o f  the  compression wave should proceed 

from c a l c u l a t i o n  o f  this reac t ion .  It becomes necessary  to ,  cons ide r  re- 

l a x a t i o n  p rocesses  and t o  e n l i s t  laws o f  chemical k i o e t i c s .  Ca lcu la t ions  

become very labor-consuming, and f r o m  o r d i n a r y  gas dynamics i t  becomes 

necessa ry  t o  go far i n t o  t h e  f i e l d  of s t a t i s t i c a l  mechanics and k i n e t i c s .  

I n v e s t i g a t i o n  is s i g n i f i c a n t l y  s i m p l i f i e d  i f  t h e  hypo t h e s i s  concern- 

I 

I 

I 

I 

I 

ing  loca l  equ i l ib r ium may be u t i l i z e d ;  i . e e ,  i f  i t  is a66Umed t h a t  at 

each p o i n t  at each moment of time t h e r e  i s  e q u i l i b r i u m  i n  temperature  

and pressure p e c u l i a r  t o  that po in t  and t o  that moment of time f o r  a l l  

p rocesses  important in t he  problem, Such c a l c u l a t i o n s  r e p r e s e n t  an i n -  

v e s t i g a t i o n  of a maximum i n s t a n c e ,  and sometimes may g ive  an approximate 

p i c t u r e  o f  a phenomenon or i n  any case a q u a l i t a t i v e  r e p r e s e n t a t i o n  of 

t h e  s t r u c t u r e  o f  t h e  wave, 

In  an i d e a l  ( i n  a hydrodynamic s e n s e )  f l u i d ,  the  compression wave 

is a geometr ical  s u r f a c e  devoid of t h i c k n e s s ,  and a corresponding 



- hydrodynamic problem concerning the  i n t e r n a l  s t r u c t u r e  o f  a wave l e a d s  

t o  a system o f  a l g e b r a i c  equat ions ,  s o l u t i o n  o f  which is t h e  c o r r e l a t i o n  

of Rankin-Rugoniot. I n  a compression wave, temperature ,  p re s su re ,  d e n s i t y ,  

e tc . ,  change i n t e r m i t t e n t l y .  A model of  a p e r f e c t  non-viscous gas wi th  

cons tan t  thermal heat  c a p a c i t i e s  cannot even q u a l i t a t i v e l y  r e f l e c t  phenom- 

ena t ak ing  p l a c e  i n s i d e  o f  a compression wave. If then  are in t roduced  

in to  t h e s e  equa t ions  members con ta in ing  d e r i v a t i v e s ,  then  it w i l l  be  pos- 

s i b l e  t o  o b t a i n  a cont inuous change of mechanical magnitudes cha rac t e r i z -  

i n g  the.  stream. T h i s  may be done by way o f  c a l c u l a t i o n  o f  v i s c o s i t y  and 

thermal conduc t iv i ty  Cg]: i n  the first i n t e g r a l s  of  the fundamental sys- 

tem of  equat ions  e n t e r s  t he  d e r i v a t i v e  - d' 

c o s i t y ,  and t h e  magnitude - dT' dx ' 

due to work o f  f o r c e s  of  v i s -  dx ' 
c h a r a c t e r i z i n g  t r a n s f e r  o f  h e a t  by way o f  

thermal! conduct iv i ty .  Continuous s o l u t i o n  is ob ta ined  i n  t h a t  case i f  

t r a n s f e p  of heat  w i t h  the.  a i d  of r a d i a t i o n  is considered., s i n c e  corres- 

ponding dependence i n t m d u c e  i n t o  t h e  system o f  first i n t e g r a l s  d i f  feren-  

t i a l  c o r r e l a t i o n s  eve= if v i s c o s i t y  and thermal  conduc t iv i ty  are d i s r e -  

garded. 

It may be s a i d  beforehand t h a t  i f  a weak compression wave is  d i f f u s e d  

i n  gas under  o rd ina ry  cond i t ions ,  then  e f f ec t  o f  r a d i a t i o n  on t h e  s t r u c -  

t u r e  of t h e  wave is so small as to be disregarded.  If  however the  com- 

p r e s s i o n  wave is very i n t e n s i v e ,  which is accompanied by s t r o n g  h e a t i n g  

o f  t h e  gas, then r a d i a t i o n  begins  t o  p l ay  an impor t an t ,  and i t  may be 

under some cond i t ions ,  dominating m l e  as compared w i t h  v i s c o s i t y  and 

thermal conduc t iv i ty ,  s i n c e ,  gene ra l ly  speaking ,  t r a n s f e r  o f  heat by 

thermal.  conduc t iv i ty  is propor t iona l  t o  the  g rad ien t  of  temperature ,  and 

r a d i a t i o n  t r a n s f e r  of  hea t  - t o  the  grad ien t  o f  t h e  f o u r t h  degree o f  

temperature. F u r t h e r  on we will cons ide r  such a case  as is a p p l i c a b l e  
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t o  non-viscous and non-heat-conducting gas as s e t  f o r t h  i n  t h e  p reced ing  

s e c t i o n .  In p r a c t i c a l  computations are u t i l i z e d  t h e  formula o f  Sakh f o r  

de te rmina t ion  o f  degree o f  i o n i z a t i o n  and t h e  formula o f  Chandrasekar 

f o r  computation o f  t h e  c o e f f i c i e n t  of  o-pacity.  

We w i l l  limit o u r s e l v e s  to  study of the  s t r u c t u r e  of  a plane com- 

p r e s s i o n  wave. The problem leads to  i n v e s t i g a t i o n  o f  equat ion (8) o f  t h e  

preceding  s e c t i o n  w i t h  t h e  following boundary condi t ion :  

x=2zm, y = o  (= .= too ) ,  (1) 

i .e.,  w e  w i l l  cons ide r  that the stream extends  on both s i d e s  t o  i n f i n i t y ,  

and t h a t  at g r e a t  d i s t a n c e s  from the beginning,  d e r i v a t i v e s  o f  a l l  va r i -  

a b l e s  (p ,  p ,  T ,  u, etc.) i n  accordance wi th  x (cor respondingly  i n  ac- 

cordance wi th  7 )  become zero.  Moreover, i n s o f a r  as i n  i n f i n i t e l y  d i s -  

t a n t  r eg ions  T = cons t  (thermodynamic equi l ibr ium)  , t hen  h e r e  the r ad i -  

a t i o n  should  be i s o t r o p i c ,  a6 a r e s u l t  o f  which 

m-0. 

Let  us assume t h a t  movement occurs  on t h e  s i d e  tf the p o s i t i v e s  x. 

We assume 7 = -Q). Vie d e s i g n a t e  t h e  va lues  o f  thermodynamic va lues  i n  

p o i n t  T = +a wi th  t h e  index  2. From (1, s e c t i o n  5) w e  o b t a i n  t h e  cor- 
1 

r e l a t i o n  of Rankin-Hugoniot f o r  a compression wave, and s o l v i n g  those  , 
f o r  example, r e l a t i v e  t o  p2, w e  f i nd  t h e  equat ion o f  shock a d i a b a t l :  

N 

1 +4&' 
- X I  Za-21 ' (3) Pa - 

4+&-2-- kTi 14-21 

which conve r t s  t o  t h e  o rd ina ry  equation o f  a d i a b a t  of  Rankin - Hugoniot 

f o r  monatomic gas if t h e  gas  is homogeneous: 

I* 14-459 
PP'4+j;;* 

1. For  a more gene ra l  case i n  which i s  considered mechanical a c t i o n  o f  
r a d i a t i o n  and t h e r e  are no means by f r equenc ie s  and d i r e c t i o n s ,  t he  de- 
mand o f  presence of thermodynamic equ i l ib r ium i n  i n f i n i t y  leads t o  t h e  
terms : 
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Equation ( 3 )  d i f f e r s  from equat ion  ( 3 ' )  by t h e  presence  i n  the denominator 

o f  a member dependent no t  on ly  on p2 but  a l s o  on t h e  i n i t i a l  s t a t e  of t h e  

gas ( i n i t i a l  temperature  and p res su re )  and on p h y s i c a l  p r o p e r t i e s  o f  t h e  

gas (a tomic mass and p o t e n t i a l  o f  i o n i z a t i o n ) ,  

always z2 2 zl* and moreover (xl/kT1) > 0 ,  and t h e r e f o r e  a d i a b a t  (3)  l i e s  

h i g h e r  than  a d i a b a t  ( 3 ' ) ,  having with i t  two common p o i n t s  i n  p2 4 1 and 

in p- - Between t h e s e  p o i n t s  l i e s  one extreme (maximum) o f  t h e  func- 

t i o n  Z2(s2). 
atoms, t hen  the  number of such maximums will be  equal  t o  t h e  number o f  

.v 

For a compression wave, 

rJ 

yv 

L 

If w e  take i n t o  account repea ted  i o n i z a t i o n  of complex 

cons idered  degrees  o f  i o n i z a t i o n .  

We may w r i t e  t he  dependence o f  all o t h e r  magnitudes on F. (F igures  

3 t o  5) * f o r  example: 

o r  on any o t h e r  parameter  

(4) 

( 5 )  / 
i 

f o r  exampie, 02 t h e  number %, i * e . ,  on the  

number M i n  a medium undis turbed  by a wave, as re la ted t o  t h e  speed o f  

d i f f u s i o n  o f  a wave ( E g u r e s  6 t o  9 ) .  

aTb 
CR -- 

x s f m ,  H,,=Hp=0, p&2=---  3 3 *  

Proceeding  from equa t ions  (8 - 10, s e c t i o n  3) * we now o b t a i n  t h e  gene ra l i zed  
terms of Rankin - Hugoniot f o r  a compression wave i n  the  fo l lowing  form: 

MM . 
palla= 1, - . 41 (1 - - f;s +Z:Rz) + 1 +FBI = 0, 

C I C I  c.CI 
! 
* 2 41 (1 -3 + 5, - ?pa + 4 (?E* - %PXJ -Pa% 4- 1 = 0. 

... 
Here is  des igna ted  pR I -, :I? These terms are e a s i l y  o b t a i n e d ,  a l s o  n o t  

P1 
r e s o r t i n g  t o  common equa t ions  (Tgomas L ,. H. , Journa l  Chem. Phys, * 1944 , 
V *  12. P o  449). 
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Figure 2. Shock adiabat  i n  monatomic hydrogen (9 = 10 6 %, d nes  
c m  

= fro0 degrees abso lu te )  with c a l c u l a t i o n  of  i o n i z a -  T1 
t i o n  ( s o l i d  l i n e )  and without c a l c u l a t i o n  of i o n i z a t i o n  
(dot ted  l i n e ) .  

Figure 3. Oependence of t h e  r e l a t i o n  o f  temperatures .'fk = T /T 2 1  
of  a compression wave i n  monatomic hydrogen on the 
r e l a t i o n  of  pressures  z2 E p d p l  ( condi t ions  the  same 

for Figure 2 ) .  
gas (z l  = z2 = 01, 

D o t t e d  l i n e s  are r e l a t e d  to homogeneous 



i 

Figure  4. Rela t ion  of speeds z2 of a compression wave, t h e  
degree  of i o n i z a t i o n  z 

s h i p  o f  p r e s s u r e s  : 
Figure  2). 
gas 

and t h e  number M-,. (number 
M be fo re  t h e  wave) i n  5' ependence on t h e  r e l a t i o n -  

( c o n d i t i o n s  t h e  same as for 
Dotted f i n e s  a r e  r e l a t e d  t o  homogeneous 

L e t  us c o n s i d e r  t h e  change of en t ropy  i n s i d e  a compression wave. 

Proceeding  from t h e  known thermodynamic formula: 
- 9  d s  
d t  = T 

(s is ent ropy ,  t is t i m e ) ,  we f ind:  

Ent ropy  a t  f i r s t  i n c r e a s e s ,  reaches a maximum i n  p o i n t  

dec reases .  

6 2, then 

A complete change o f  entropy i n  passage through a wave 
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equals  : 
fba 

( 7) - u (4 ;ius As-s((uJ-s(l)=-4g1(1 +q)J - -:- - - 
T (u) 1 

T h i s  magnitude is p o s i t i v e ,  i . e . ,  the  second law o f  thermodynamics i s  f a d -  

f i l l e d  i f  i t  is app l i ed  t o  beginning and f i n a l  s t a t e s  o f  t h e  system. 

F igu re  5. Dependence of the number M2 (number M a f t e r  a wave) 
on t h e  r e l a t i o n  o f  p r e s s u r e s  ^p' ( cond i t ions  t h e  
same as f o r  Figure 2). Dotted l i n e s  are r e l a t e d  t o  
hozo geneous gas  

2 

It is not  d i f f i c u l t  t o  see t h a t  i n  t h e  case  o f  flow through a com- 

p r e s s i o n  wave, s p e c i a l  p o i n t s  A and B correspond t o  i n f i n i t y  t o  the l e f t  

and r i g h t ,  and i n  p o i n t  A we have u = "1 = 1 i n  p o i n t  B % s ';>, whereto 

u 

speed  equal t o  t h e  speed of sound),  and t h e  speed d iminishes  f r o m  1 

(supe r son ic  zone) t o  uz (subsonic zone). 

nously dec reas ing  func t ion  of 7 (cor respondingly  of x). 

w r y  

.- 
5 :* 5 1 ( s i g n  o f  e q u a l i t y  only i n  a case  of  movement w i t h  cons t an t  2 

ry We w i l l  cons ider  a monoto- 

Consequently, 
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t h e  problem of s t u d y  o f  flow i n s i d e  a compression wave r e s o l v e s  i t s e l f  

I 

I 
t o  s e a r c h  of t h e  s o l u t i a n  of t h e  equation (8, s e c t i o n  5 )  s a t i s f y i n g  the  

cond i t ions  : 

and disposed i n  t h e  lower semiband (F igu re  10).  The so lu t fan  should 

p a s s  through p o i n t s  A and B and i n t e r s e c t  t h e  i n t e g r a l  curve  (10, sec- 

t i o n  5 ) ,  which is p o s s i b l e  only  i n  s p e c i a l  p o i n t s  C, 2 ,  GT F, and w i l l  

c o n s i s t  of two branches.  

from p o i n t  B and a sympto t i ca l ly  the  l i n e  

The l e f t  branch (subsonic)  i n  any case  comes 

= %*. The r i g h t  branch 

d 

Figure  6 .  Rela t ion  of speeds u2 and d e n s i t i e s  o f  a compression 

dependence on t h e  number Pi ( c o n d i t i o n s  t h e  same as f o r  
r ' igure 2) .  Dotted l i n e s  a re  r e l a t e d  t o  homogeneous gas. 

wave and t h e  degree of i o n i z a t i o n  behind 2 a wave zz i n  

( supe r son ic )  comes from p o i n t  A and approximates t h e  l i n e  2 =^a; i f  X* 
> 1 and intersects  it at  point C if I(* < 1; i n  the first case i n  passage 

through the speed of sound, the l i n e  %' (7) has a vert ica l  tangent, and in 

the second case, an angular point. 
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(i* In  both cases  t h e r e  is a continuous monotonously dec reas ing  func t ion  u (T) ,  

and consequently a l s o  Gcx) , s a t i s f y i n g  a l l  provided cond i t ions  , whereas 

without  c a l c u l a t i o n  of  r a d i a t i o n ,  s y s t e m  (1) g i v e s  two cons tan t  va lues  

u (u"=  1, iY = u2) ,  i.e., t h e  s o l u t i o n  is discont inuous .  Wi th  ca lcu la-  

t i o n  of r a d i a t i o n  is  obta ined  a continuous s o l u t i o n ,  but w i t h  some pecu- 

#.' +L 

l i a r i t y ,  mentioned above, i n  passage through t h e  speed o f  sound and con- 

nected wi th  those  assumptions made by us ( i n  p a r t i c u l a r ,  wi th  d i s r e g a r d  

o f  v i s c o s i t y  and thermai conduc t iv i ty ) .  

The member a y o f  equat ion (7, s e c t i o n  5) con ta ins  a s m a l l  m u l t i -  3 
p l i e r  CT, and i n  some cases t h i s  may be  d i s r ega rded  ( f o r  example, wi th  

d i f f u s i o n  of a wave i n  atomic hydrogen under o rd ina ry  cond i t ions  t h i s  may 

be done f o r  numbers PL,. o f  the o rde r  15 and even g r e a t e r ) .  Then t h e  equa- 

t i o n  may be i n t e g r a t e d ,  and f o r  the adopted boundary cond i t ions  w e  ob ta in :  

( p l u s  s i g n  f o r  $ < *;*, and minus sign f o r  % > %*). 

tian 5) wi th  p2 

t i o n  does  not  have s p e c i a l  p o i n t s  C and I) i n  t h i s  ca se ,  a l though t h e  

l i n e  u = %* remains an i n t e g r a l  curve. Therefore ,  t h e  approximation 

mentioned above is p o s s i b l e  only  with IC < 1. 

Equation ( 7 ,  6ec- 

0 has  fou r  s p e c i a l  p o i n t s  A ,  B, E, and F. The equa- 

A9 

Dependence of  hydrodynamic parameters on is given by e q u a l i t i e s  

o b t a i n e d  i n  s e c t i o n  5, i f  i t  is assumed t h a t  H = 0,  and i t  is shown for 

s e v e r a l  examples i n  F igure  11 to 16. 

tween magnitudes ob ta ined  without  c a l c u l a t i o n  of  i o n i z a t i o n  ( w e  w i l l  

d e s i g n a t e  them wi th  t h e  index  N) and magnitudes wi th  c a l c u l a t i o n  of 

i o n i z a t i o n ,  are j u s t i f i e d  f o r  one and t h e  same va lue  the  c o r r e l a t i o n s :  

1 
For one and t h e  same value 41 be= 

- -  - -  
p"p" P=P" 
T=- - 1 4 - Z t f  

t + r  " 
1 ; - P i j N - p 6 ( Z - & ) .  
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. 

Figure 7. Re la t ions  o f  p re s su res  and temperatures  of a compression 
wave in dependence on t h e  number ( cond i t ion6  the  same 
as f o r  F igure  2). Dotted l i n e s  are related t o  homogene- 
O W  @So 

4 I o n i z a t i o n  leads  t o  i n c r e a s e  of speed u2 a f t e r  a wave and t o  decrease  o f  

temperature  and a b s o l u t e  va lue  o f  t h e  stream of  r a d i a t i o n .  It is not  

d i f f i c u l t  t o  see t h a t  t he  maximum va lue  of r e l a t i v e  temperature  is ob- 

t a i n e d  a t  t h e  point 

where zm is determined by the formula of Sakh f o r  t h i s  v a l u e  u", Appar- 
8 U, '1 

e n t l y ,  ~ 4 x 4 ~  , whereto t h e  greatest va lue  of  Gm corresponds t o  

homogeneous gas, and the  l e a s t  - t o  such i n i t i a l  cond i t ions  i n  t h e  gas 

as when zm = )$. 
N 

The maximum value of  Tm is i nc luded  i n  t h e  l i m i t s  
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Figure  8. Dependence of  t h e  number M a f t e r  a compression wave 

neous gas ( d o t t e d  l i n e )  on t h e  numger 5 ( c o n d i t i o n s  
t h e  same as f o r  Figure 2). 

w i t h  c a l c u l a t i o n  of i o n i z a  % i o n  (% ) and f o r  homoge- 

F i g u r e  9. Dep-endence o f  t he  r e l a t i o n  of s p e c i f i c  h e a t s  
number % ( cond i t ions  t h e  same as f o r  F i g u r e  
s t r a i g h t  l i n e  r e l a t e d  t o  homogeneous gas. 

on t h e  2: Dotted 
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Figure  10. Region o f  change y i n  a problem concern ing  s t r u c t u r e  

The c r i t i c a l  speed c* = a* f o r  homogeneous gas equa l s  g %, with  

o f  a compression wave . 
5 /r 

c a l c u l a t i o n  of  i o n i z a t i o n ,  as is not  d i f f i c u l t  t o  calculate: 

and from here i t  fo l lows ,  i f  i t  is considered t h a t  1 5 y < 5 8 

i.e., i n  t h e  presence  o f  i o n i z a t i o n  c r i t i c a l  speed i s  l e s s  than t h e  

c r i t i c a l  speed o f  homogeneous gas i n  one and t h e  same cond i t ions  to  

i n f i n i t y  on the l e f t .  

whereto t h e  s i g n  o f  e q u a l i t y  is j u s t i f i e d  w i t h  y = 1, o r  wi th  y 

(movement of gas everywhere w i t h  t h e  speed o f  sound);  i n  a l l  o t h e r  

cases w e  have i n e q u a l i t y .  Moreover, i t  is  easy t o  c a l c u l a t e  t ha t  wi th  

?w ;v 
Equat ing  (10) w i t h  (111, w e  f i n d  that um 2 a* ,  

5 
= 3  

8u 

> u2. q1 > 3 w e  have urn Consequently, maximum temperature  is a t t a i n e d  
5 N 

no t  "af ter  the  wave," i .e. ,  no t  i n  i n f i n i t y  t o  t h e  r i g h t ,  but  " in s ide  

t h e  wave," i n  t h e  subsonic  zone. 
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Figure  11. R e l a t i v e  p re s su re  p, 
temperature  F, d e n s i t y  7, and 
s t r eam of r a d i a t i o n s  H a long  
alds x i n  dependence on unmea- 
s u r e d  speed îi i n s i d e  o f  a com- 

With indexes  z and N are de- 
s i g n a t  ed  corresponding va lues  
wi th  c a l c u l a t i o n  of  i o n i z a t i a n  
and without  c a l c u l a t i o n  o f  
o f  i o n i z a t i o n  (homogeneous gas) 

p r e s  s i  on wave w i t h  % = 20. 

u' - 

Iv 
Figure 12. R e l a t i v e  p r e s s u r e  p ,  
temperature  T , d e n s i t y  7, and 
s t ream o f  r a d i a t i o n  H a l o n g  axis 
x i n  d g e n d e n c e  on unmeasured 
speed u i n s i d e  o f  a compression 
wave w i t h  5 = ?. 
z and N a r e  des igna ted  correspond- 
i n g  va lues  w i t h  c a l c u l a t i o n  of  
i o n i z a t i o n  and without  c a l c u l a t i o n  
o f  i o n i z a t i o n  (homogeneous gas). 

cr 

With indexes  

The degree of  i o n i z a t i o n  z may change from 0 t o  1 and, as is seen  

from formula (6 ,  s e c t i o n  5) and i n  F igu res  1 7  and 18, reaches  the m a x i -  

mum i n  the  reg ion  of subsonic  speeds.  

then  w i t h  numbers 5 < 6 f o r  such gas as monatomic hydrogen, i o n i z a t i o n  

may be dis regarded  i n  equat ion (7, s e c t i o n  5 ) .  Actua l ly ,  i n  t h i s  case, 

maximum magnitudes of t h e  degree of equi l ibr ium i o n i z a t i o n  and o f  

I f  cond i t ions  are n e a r  normal,  
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Figure 13. Change o f  unmeasured 
va lue  of en t ropy  A T = Z ( ; ) - ~ ( ~ )  
with change of  unmeasured speed 
u i n s i d e  of a compression wave 
w i t h  c a l c u l a t i o n  of i o n i z a t i o n  
(solid curves)  and without  ca l -  
c u l a t i o n  of  i o n i z a t i o n  ( d o t t e d  
c u r v e s )  f o r  pI1 E 20 and 5 = 30. 

N 

Figure  14. R e l a t i v e  .- p r e s s u r e  g, 
temperature  T ,  d e n s i i y  :, and 
s t ream of r a d i a t i o n  H a long  axis 
x i n  dependence on unmeasured 
speed u i n s i d e  compression wave 
i n  monatomic hydrogen ( s o l i d  
curves)  and  i n  argon (do t e d  

d ne6 

T1 = 10 degrees  abso lu te .  
curves)  ; % = 3 ,  P1 = 10 ,*, 4 

moduli  de r ived  i n s i d e  t h e  wave prove t o  be very s m a l l  as compared with 

u n i t y ,  as i f  s e e n  from Figure  19 and from t h e  t a b l e  on page 4g0 

Measured coord ina te .  Unt i l  now we have u t i l i z e d  (16, s e c t i o n  3) ,  

which a f fo rded  t h e  p o s s i b i l i t y  to completely no t  touch upon charac- 

t e r i s t i c s  of  t h e  func t ion  ~ ( u ) .  I n  o r d e r  to  go o v e r  t o  a measured 
13 
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Figure  15. Change o f  unmeasured magnitudd o f  en t ropy  i n  
dependence on unmeasured speed u i n s i d e  a com- 
p res s ion  wave i n  monatomic hydrogen ( s o l i d  
curve)  and in argon (do t t ed  curve) ;  5 = 3, 

= 10 % , T1 = 10 degrees  abso lu te .  6 d nes 4 
cm P1 

coord ina te  x, i t  is necessary  t o  give i n  mani fes t  form t h e  c o e f f i c i e n t  

o f  o p a c i t y  as a func t ion  of  a l r eady  known magnitudes. Ca lcu la t ion  of 

cr p r e s e n t s  g r e a t  d i f f i c u l t i e s  of a phys ica l  character. W e  will l i m i t  

o u r s e l v e s ,  i n  t he  q u a l i t y  o f  examples o f  c a l c u l a t i o n ,  t o  u t i l i z a t i o n  of 

t he  formula of  Chandrasekar known from s t a t i s t i c a l  mechanics c23. I n  

the c a s e  of  s i n g l e  i o n i z a t i o n ,  i t  is w r i t t e n  as 

where t h e  cons t an t  magnitude c1 equals:  

40 e2hc c, e - xc 0 cm, ( 2 n r n ~ / a  R % 

( c  - speed of l i g h t  i n  a vacuum, e - charge o f  the e l e c t r o n ,  aa - co- 

e f f i c i e n t  of o p a c i t y  i n  c a l c u l a t i o n  f o r  one atom). I n  c a l c u l a t i o n  f o r  

a u n i t  of mass w e  o b t a i n  
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Figure 16. Relation o f  s p e c i f i c  h e a t s  y with c a l c u l a t i o n  of 
i o n i z a t i o n  i n  dependence on unmeasured speed *;r 
i n s i d e  a compression wave i n  monatomic hydrogen 
(solid curve) and i n  argon (dotted  curve);  

t 3 ,  
= 10 6 +, d nes  T1 = 10 4 degrees absolute .  

cm P1 
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here 

d z  2 
m g u r e  17. Degree of ion iza t ion  z and d e r i v a t i v e s  7, dz and - i n  

dependence on speed $ i n s i d e  a compression wave i n  
monatomic hydrogen; M = 20; pl E 0.992 1;O 6 %, d nes  
TI = 300 degrees abso lu te .  

du d<2 

cm 

U t i l i z i n g  these  express ions ,  w e  may evaluate  by the formula: 

which f o l l o w s  

i n  dependence 

from (16 ,  s e c t i o n  3) and (7 ,  s e c t i o n  51, a l l  magnitudes 

on X.  
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dz dLz in Degree of i o n i z a t i o n  z and d e r i v a t i v e s  - and - 
w d z  dt2  

dependence on unmeasured speed u i n s i d e  a compression 
wave i n  monatomic hydrogen ( s o l i d  l i n e )  and i n  argon 

abso lu te  cm 

Figure  18 ,  

(dotted  l i n e ) ;  MI = 3 ,  p1 = 10 6 %, d nes  T,. = 10 4 degrees 

Figure 19. Degree o f  i o n i z a t i o n  of  monatomic hjdrogen i n s i d e  a 
compression wave i n  dependence on u (9 = 106 dynes, 

T1 = 300 degrees abso lu te )  with 5 = 3; 5 ;  8, 
2 cm 



Figure 20. C o e f f i c i e n t  o f  o p a c i p  o f  monatomic hydrogen i n  
dependence on speed u i n s i d e  a compression wave; 
M1 = 20 and MI = 30, 

Figure 21. C o e f f i c i e n t  o f  opaci ty  CY i n s i d e  a compression wave 
i n  monatomic hydrogen ( s o l i d  
(dotted curve) in dependence 

curve) and i n  argon 
on unmeasured speed 2; 
10 4 degrees absolute. 



i i  

I 

F i g u r e  22. I n t e g r a l  curves  of t h e  fundamental equat ion  (17, sec- 
t i o n  5) w i t h  c a l c u l a t i o n  o f  i o n i z a t i o n  ( index  z )  and 
for homogeneous gas ( index  N) w i t h  % = 20. 

If the degree o f  i o n i z a t i o n  is s m a l l  and i t  may b e  d i s r ega rded  i n  

comparison w i t h  u n i t y ,  then  formula (6 ,  s e c t i o n  5 )  may be w r i t t e n  as: 

If t empera tures  are not  ve ry  g r e a t ,  then  i n  formula (13) u n i t y  as corn- 

pared w i t h  the member - c3 may be dis regarded ,  and we o b t a i n :  
T 

0 -u-- 
Q = C S C ~ S ~  T ~zQ. (16) 
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F i e r e  23. Unmeasured speed  u N i n s i d e  a compressioa Wave it Ze- 
pendence on opt ical ,  t h i ckness  7 (monatomic hydrogen, 

= 0,992 10 6 +, d nes  T1 = 300 degrees  a b s o l u t e ) .  
cm *1 

S o l i d  curve - p r e c i s e  s o l u t i o n ,  d o t t e d  - approximated 
by formula ( 9 ) .  

Zigure  24, Unmeasured speed u i n s i d e  a compression wave in 
monatomic hydrogen ( s o l i d  l i n e )  and in argon 
( d o t t e d  curve)  i n  dependence on T (5 = 3,  9 = 
10 6 %, d nes  Tl = 10 4 degrees  a b s o l u t e ) .  

cm 

I n  t h e  case of p2 0 ,  dependence o f  r e l a t i v e  speed  on t h e  measured 

c o o r d i n a t e  i n  f o r c e  (9) and on c o r r e l a t i o n s  o f  s e c t i o n  5 for 4 T and /u p 

are expres sed  by t h e  quadra ture :  



where 
3 
2 .  

2% q1 A= 
+2cn 

I n  t h e  maximum case ,  when pcy - 0, the  equat ion  

l e a d s  t o  the r e s u l t  t h a t  ~ i - 0  i n  any f i n a l  x ,  and from (9) i t  f O l l O W 8  

t h a t  i n  t h i s  case  = zu, i .e., we have movement o f  gas with t h e  speed 

of sound,  the  on ly  cont inuous s o l u t i o n  f o r  t h e  c a s e  of i d e a l  f l u i d .  

F i g u r e  25. Unmeasured speed i n s i d e  o f  a compression wave i n  
6 d nes  

cm 
monatomic hydrogen (pl = 10 *, T1 = 300 degrees  

a b s o l u t e )  w i t h  M1 = 20. 
- 

I 

r 
-430 -425 -420 -4a -&O -405 0 405 GI0 &S @O 425 @ern 

Figure  26. The same as Figure  25, but  w i t h  % t 30. 
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From formulas (13)  and (6,  s e c t i o n  51, i t  i s  seen  t h a t  t h e  c o e f f i -  

c i e n t  of o p a c i t y  is s m a l l  no t  only w i t h  a s m a l l  z, i n  o t h e r  words, 

w i th  s m a l l  temperature  T ,  but  also wi th  ve ry  l a r g e  T ( i n  t h e  l a t t e r  case 
J-4 N 

z + l), However, w i th  such  cond i t ions ,  formulas ( 6 ,  s e c t i o n  5) and (13) 

become i n v a l i d ,  and new c o r r e l a t i o n s  are needed f o r  c a l c u l a t i o n  o f  z 

Figure 27. Unmeasured speed u i n s i d e  a compression wave i n  
monatomic hydrogen ( s o l i d  l i n e )  and i n  argon 
( d o t t e d  curve) ;  M1 z 3, p1 = lo6 ,-,, T1 = 10 ,+ 
degrees  absolu te .  Cm 

I n  t h e  q u a l i t y  of examples of  i n v e s t i g a t i o n  o f  t h e  s t r u c t u r e  o f  a 

compression wave i n  monatomic gas wi th  c a l c u l a t i o n  o f  t r a n s f e r  o f  hea t  

due t o  r a d i a t i o n  and s i n g l e  i o n i z a t i o n ,  we w i l l  i n t r o d u c e  r e s u l t s  o f  

c a l c u l a t i o n s  of  two cases: 1) of a very  i n t e n s i v e  compression wave 

(5 = 20 and Y = 30) i n  monatomic hydrogen under  c o n d i t i o n s  nea r  t o  

6 d nes  

cm 
- 10 %, T1 = 300 degrees  a b s o l u t e ;  2) of  a compression 

p 1  normal : 

wave w i t h  P3 = 3 i n  s t r o n g l y  heated monatomic hydrogen and argon; 

6 d nes  4 - 10 %, TI = 10 degrees  abso lu te .  I n  a l l  t h e s e  examples K* > 
cm p1 - 

> 1 and i n t e g r a l  curves  emerging from s p e c i a l  p o i n t s  A and B s t r e t c h  to  

i n f i n i t y  wi th  a -. u* (figure 22). R e s u l t s  of computation for Qg=- 

and a. = )4 are p resen ted  i n  F igures  23 t o  31, whereto i n  some f i g u r e s  

are d e p i c t e d  f o r  comparison also corresponding values f o r  homogeneous 

1 4 .LJ 

0 
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Figure  28. R e l a t i v e  p re s su re  y9 temperature  T, and d e n s i t y  
p i n s i d e  a compression wave i n  dependence on 7 ;  

Ml = 30* P1 = 10 %, Tl = 300 degrees  absolu te .  

r- 

6 d nes 

cm 

gas (des igna ted  w i t h  t h e  index  N i n  d i s t i n c t i o n  from t h e  i n d e x  z for 

i o n i z e d  gas). 

Thickness  of  a wave. The f i e l d  o f  change of f u n c t i o n s  cha rac t e r i z -  

i n g  t h e  flow of gas i n s i d e  a compression wave ranges  from - = t o  +a. 

e v e r ,  t h e s e  changes take p lace  so quickly  t h a t  a q u i t e  narmw layer may 

b e  i s o l a t e d  o u t s i d e  o f  which func t ions  are n e a r l y  cons tan t .  For thick-  

n e s s  of a compression wave i s  o r d i n a r l y  also accepted  t h e  th i ckness  o f  

t h e  mentioned l a y e r .  

How- 

With such  a de te rmina t ion ,  o f  course ,  g r e a t  a r b i -  

t r a r i n e s s  is admit ted.  

We will take f o r  t h e  th ickness  o f  a compression wave t t h e  width 
7 

hc > whereto 
0 2* 

o f  t h e  l a y e r  where speed u changes from < 1 t o  u2 
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F i g u r e  29. R e l a t i v e  p re s su re  s, temperature  ?!, and d e n s i t y  p" 
i n s i d e  of a compression wave i n  monatomic hydrogen; 

= 30, p1 = 10 6 %, d nes  T1 = 300 degrees  abso lu te .  

Clll 
M1 

where g is a proper  fractia-n.  Thus we have: 
- 

which i n  approximation (9) gives:  

For homogeneous gas ( z  = c o n s t ) ,  t h e  l a t t e r  e q u a l i t y  g ives :  

U t i l i z i n g  formulas (20) and  (21) w e  o b t a i n  the'  
:lo 6 +, d nes 

cm ' 
F i g u r e  33 (monatomic hydrogen, p1 

v a l u e s  tT, in t roduced  i n  

T1 E 300 degrees  a b s o l u t e ,  



F i g u r e  30. R e l a t i v e  p re s su res  .$* temperature  ?!, and d e n s i t y  'F 
i n s i d e  a compression wave i n  nonatomic hydrogen 
( s o l i d  curves)  and i n  argon ( d o t t e d  l i n e s ) ;  It,. = 3 ,  

6 d nes  4 = 10 +, T1 = 10 degree6 abso lu te .  
cm P1 

5 = 0.9 t h e  

I n  t h e  

w i t h  Id1 = 3 

o b t a i n :  tT 

then  i n  t h e  

I A 1 A 

corresponding va lues  w i l l  be 2 . 75 dnd 2 .O3 . 
case o f  d i f f u s i o n  of waves i n  monatomic hydrogen and argon 

= 10 6 %, d nes  T1 = 10 4 degrees  a b s o l u t e ,  5 = 018) we 

cm (Pl 

= 1.21 (hydrogen) and tT = 1.46 (argon) .  If w e  take g = 0.9, 

l a t t e r  case  we have: tT = 2.05 (hydrogen) and 2.44 (argon) .  

O p t i c a l  t h i ckness  may be considered t h e  l e n g t h  measured i n  mean l e n g t h s  

of a f r e e  run of r a d i a t i o n  E3, i f  t h e  a c t  o f  r a d i a t i o n  o f  a l i g h t  quan- 

tum is cons idered  t h e  beginning and t h e  a c t  of abso rp t ion  the  end o f  t h e  

f r e e  p a t h  of t h e  run of r a d i a t i o n .  "Optical  th ickness"  o f  a wave equa l s  

from 1 t o  2 ,  i.e.* t h e  o r d e r  o f  l e n g t h  o f  a f r e e  run o f  r a d i a t i o n .  
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Figure 31. Change o f  unmeasured value o f  entropy dL;==r(q-a(f) 
i n s i d e  a compression wave in monatomic hydrogen 

and M1 = 30, 
i n  dependence on o p t i c a l  th ickness  T for y = 20 

Figure 32. Determination o f  thickness  of  a compression wave. 

A n a l o g i c a l l y ,  the  measured thickness  of a compression wave may a l s o  be 

determined. U t i l i z i n g  formula (13) for determination of  the c o e f f i c i e n t  

of o p a c i t y  cy, w e  obta in  f o r  monatomic hydrogen (pl 

degrees absolute ,  5 = 0.8) : 

6 dynes 

cm 
p T1 = 300 2 10 
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Figure  33.  O p t i c a l  t h i c k n e s s  of  a compression wave i n  
monatomic hydrogen wi th  p = 10 6 %, d nes  

cm 1 
T1 = 300 degrees  a b s o l u t e  w i t h  c a l c u l a t i o n  

of i o n i z a t i o n  ( s o l i d  curve)  and i n  homogene- 
ous gas ( d o t t e d  l i n e )  . 

F u r t h e r  i n c r e a s e  of t h e  number 5 again  l e a d s  t o  i n c r e a s e  of t because 
X 

of  t h e  decrease  of t h e  c o e f f i c i e n t  o f  opac i ty .  For  o t h e r  cond i t ions  

= 10 6 5, d nes  T1 = 10 4 degrees  a b s o l u t e ,  5 I 3 ,  5 = 0.8) we have: 

cm (P1 
t = 23.4 c m  (monatomic hydrogen) and t 

X X 

L i t e r a t u r e  

= 16.0 c m  (argon) .  
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